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Mutually unbiased bases (MUBs) and symmetric informationally complete projectors (SICs) are central to
many conceptual and practical aspects of quantum theory. In this work, we investigate their role in quantum
nonlocality. For every integer d ≥ 2, we introduce Bell inequalities for which pairs of d-dimensional MUBs
and SICs, respectively, produce the largest violations allowed in quantum mechanics. To investigate whether
these inequalities can be used for the purpose of device-independent certification of measurements, we show
that the concepts of MUBs and SICs admit a natural operational interpretation which does not depend on the
dimension of the underlying Hilbert space. We prove that the maximal quantum violations certify precisely
these operational notions. In the case of MUBs we also show that the maximal violation certifies the presence
of a maximally entangled state of local dimension d and that the maximal violation is achieved by a unique
probability distribution. This constitutes the first example of an extremal point of the quantum set which admits
physically inequivalent quantum realisations, i.e. is not a self-test. Finally, we investigate the performance of our
Bell inequalities in two tasks of practical relevance. We show that the Bell inequalities for MUBs guarantee the
optimal key rate in a device-independent quantum key distribution protocol with d outcomes. Moreover, using
the Bell inequalities for SICs, we show how qubit and qutrit systems can generate more device-independent
randomness than higher-dimensional implementations based on standard projective measurements. We also
investigate the robustness of the key and randomness generation schemes to noise. The results establish the
relevance of MUBs and SICs for both fundamental and applied considerations in quantum nonlocality.
I. INTRODUCTION
Mutually unbiased bases (MUBs) and symmetric informa-
tionally complete projectors (SICs) are widely celebrated, in-
tensively studied and broadly useful concepts in quantum the-
ory. Two bases of a finite-dimensional Hilbert space are called
mutually unbiased if the inner product between any two ele-
ments belonging to different bases has constant magnitude. In
other words, if a system is prepared in a state belonging to
the first basis, then when a measurement is performed in the
second basis, all the outcomes are equally probable [1]. In a
similar spirit, a set of rank-one projectors is called symmet-
ric informationally complete when the magnitude of all inner
products between different projectors is equal and the projec-
tors are tomographically complete [2, 3]. More formally,
• Let {|ej〉}dj=1 and {|fk〉}dk=1 be two orthonormal bases
of the d-dimensional Hilbert space Cd. The two bases
are mutually unbiased if
|〈ej |fk〉|2 = 1
d
(1)
for all j and k. The constant on the right-hand-side
is merely a consequence of the two bases being nor-
malised.
• Let {|rj〉}d2j=1 be a set of unit vectors in Cd. The set is
called symmetric informationally complete if
|〈rj |rk〉|2 = 1
d+ 1
(2)
for all j 6= k. Again, the constant on the right-hand-
side is fixed by normalisation. Moreover, the reason for
there being precisely d2 elements in a SIC1 is that this
is the largest number of unit vectors in Cd that could
possibly admit the uniform overlap property (up to nor-
malisation identical to Eq. (2)).
Whereas MUBs and SICs are inherently different objects,
they are frequently studied jointly [4–9]. This is in part due
to both being highly symmetric and elegant algebraic struc-
tures, and in part due to the interesting connections that exist
between them. Their conceptually appealing properties make
them important in the general study of quantum theory, en-
compassing both foundational matters and applications.
MUBs are central to the understanding of quantum com-
plementarity and its many applications; see e.g. Ref. [10] for
a review of MUBs. The former is manifested in the fact that
MUBs give rise to the strongest entropic uncertainty rela-
tions (among projective measurements acting on a fixed di-
mension) [11]. Moreover, MUBs play a prominent role in
quantum cryptography, where they are employed in many of
the most well-known quantum key distribution protocols [12–
16] as well as in secret sharing protocols [17–19]. In addition,
complete sets of MUBs are known to be statistically optimal
for quantum state tomography [20, 21]. Also, MUBs are in-
strumental for quantum random access coding [22–26]. Two
1 By SIC (in singular) we refer to one set of symmetric informationally com-
plete projectors. By SICs (in plural), we refer to all such sets.
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2other interesting applications are quantum error correction
[27, 28] and entanglement detection in both high-dimensional
and multipartite systems [29]. Notably, MUBs are also at the
heart of the Mean King’s Problem [30, 31]. Much attention
has been directed at determining the number of MUBs that
exist in general Hilbert space dimensions [10].
In a similar spirit, SICs are widely studied for both funda-
mental and practical reasons; see e.g. Ref. [32] for a recent
review of SICs. This has motivated substantial research effort
directed towards proving their existence in all Hilbert space
dimensions (presently known, at least, up to dimension 121)
[2, 3, 33, 34]. Every SIC can be suitably normalised such that
it forms a single quantum measurement with d2 outcomes.
This is clearly not a projective measurement but a positive
operator-valued measure (POVM) and hence we refer to the
resulting object as a SIC-POVM. It has been shown that SIC-
POVMs are optimal POVMs for (single-measurement) quan-
tum state tomography [35–38]. Furthermore, they are use-
ful for entanglement witnessing [39], have found applications
in quantum key distribution [40, 41] and enable optimal ran-
dom number generation from a singlet state [42]. In addition,
SICs are at the heart of many protocols for certifying the non-
projective nature of a measurement [43–46]. Moreover, SICs
exhibit interesting connections to several areas of mathemat-
ics, for instance Lie and Jordan algebras [47] and algebraic
number theory [48, 49].
Due to their highly symmetric properties and breadth of rel-
evance, it is important to study the role of MUBs and SICs
in the context of generating correlations that do not admit
a classical description. The strongest form of such correla-
tions are those that are nonlocal, i.e. correlations that violate
a Bell inequality [50]. For instance, qubit MUBs occur com-
monly in the simplest Bell scenarios [51, 52] and SIC-POVMs
were used to reveal the relevance of non-projective measure-
ments in quantum nonlocality [53]. There is also an example
of a Bell inequality in which three three-dimensional MUBs
are required to produce the maximal quantum violation [54].
While attempts have been made at establishing more general
relations between quantum nonlocality and MUBs [55, 56],
results of substantial generality are lacking. Nevertheless,
two questions appear particularly natural. Firstly, can one
construct Bell inequalities in which MUBs and SICs of any
given Hilbert space dimension generate the largest quantum
violations? Secondly, and conversely, could one determine,
by only observing some form of quantum nonlocality, that
an initially uncharacterised measurement obeys some opera-
tional notion of mutual unbiasedness or symmetric informa-
tional completeness? While both these questions are founda-
tionally important, positive answers would also pave the way
for device-independent quantum information protocols for the
many practical applications for which MUBs and SICs are de-
sirable.
In this work we solve these challenges for both MUBs and
SICs. We show how to construct Bell inequalities that are
maximally violated in quantum theory using a maximally en-
tangled state of local dimension d and, respectively, a pair of
d-dimensional MUBs and a d-dimensional SIC. Then, we ask
what can be inferred if the maximal Bell inequality violation
is observed. In the case of MUBs, we show that the maximal
quantum violation of the proposed Bell inequality implies that
the measurements satisfy an operational definition of mutual
unbiasedness, and that the shared state is essentially a maxi-
mally entangled state of local dimension d. Similarly, in the
case of SICs, we find that the maximal quantum violation im-
plies that the measurements satisfy an analogous operational
definition of symmetric informational completeness.
Before proceeding any further let us explain how our re-
sults are related to the phenomenon of self-testing (rigidity), in
which the unknown state and measurements are identified up
to additional degrees of freedom, local isometries and possi-
bly a transposition (see Ref. [57] for a review on self-testing).
While the state certification for the MUB inequalities coin-
cides with the notion used in self-testing, the conclusions we
draw regarding the measurements constitute a weaker form of
certification. To stress this point in this work we have chosen
to consistently use the term “certification” over “self-testing”.
Finally, we show that our Bell inequalities are useful in two
practically relevant tasks. For the case of MUBs, we con-
sider a scheme for device-independent quantum key distribu-
tion and prove a key rate of log d bits, which is optimal for
any protocol that extracts key from a d-outcome measurement.
By conducting numerical studies for the case of qutrit sys-
tems we show that the protocol is robust to noise. For SICs,
we construct a scheme for device-independent random num-
ber generation. For two-dimensional SIC-POVMs, we obtain
the largest amount of randomness possible for any protocol
based on qubits. For three-dimensional SIC-POVMs, we ob-
tain more randomness than can be obtained in any protocol
based on projective measurements and quantum systems of
dimension up to seven. In addition, we investigate the robust-
ness of these schemes to noise.
II. BELL INEQUALITIES FOR MUTUALLY UNBIASED
BASES
We present a family of Bell inequalities in which the
maximal quantum violation is achieved with any pair of d-
dimensional MUBs and a maximally entangled state. To this
end, consider a bipartite Bell scenario parameterised by an
integer d ≥ 2. Alice randomly receives one of d2 possible
inputs labelled by x ≡ x1x2 ∈ [d]2 (where [s] ≡ {1, . . . , s})
and produces a ternary output labelled by a ∈ {1, 2,⊥}.
Bob receives a random binary input labelled by y ∈ {1, 2}
and produces a d-valued output labelled by b ∈ [d]. The
joint probability distribution in the Bell scenario is denoted
by p(a, b|x, y) and the scenario is illustrated in Figure 1.
To make our choice of Bell functional transparent, we will
phrase it as a game in which Alice and Bob collectively win
or lose points. If Alice outputs a =⊥, no points will be won
or lost. If she outputs a ∈ {1, 2}, points will be won or lost if
b = xy . More specifically, Alice and Bob win a point if a = y
and lose a point if a = y¯, where the bar-sign flips the value of
3FIG. 1. Bell scenario for two MUBs of dimension d. Alice receives
one of d2 inputs and produces a ternary output while Bob receives a
binary input and produces a d-valued output.
y ∈ {1, 2}. This leads to the score
RMUBd ≡
∑
x,y
p(a = y, b = xy|x, y)− p(a = y¯, b = xy|x, y),
(3)
where the sum goes over x = x1x2 ∈ [d]2 and y ∈ {1, 2}.
At this point the outcome a =⊥might seem artificial, so let
us show why it plays a crucial role in the construction of the
game. To this end, we use intuition based on the hypotheti-
cal case in which Alice and Bob share a maximally entangled
state
|ψmaxd 〉 =
1√
d
d∑
k=1
|k, k〉. (4)
The reason we consider the maximally entangled state is that
we aim to tailor the Bell inequalities so that this state is opti-
mal. Then, we would like to ensure that Alice, via her mea-
surement and for her outcomes a ∈ {1, 2}, remotely prepares
Bob in a pure state. This would allow Bob to create stronger
correlations as compared to the case of Alice remotely prepar-
ing his system is a mixed state. Hence, this corresponds to Al-
ice’s outcomes a ∈ {1, 2} being represented by rank-one pro-
jectors. Since the subsystems of |ψmaxd 〉 are maximally mixed,
it follows that p(a = 1|x) = p(a = 2|x) = 1/d ∀x. Thus,
we want to motivate Alice to employ a strategy in which she
outputs a =⊥ with probability p(a =⊥ |x) = 1 − 2/d. Our
tool for this purpose is to introduce a penalty. Specifically,
whenever Alice decides to output a ∈ {1, 2}, she is penalised
by losing γd points. Thus, the total score (the Bell functional)
reads
SMUBd ≡ RMUBd − γd
∑
x
(
p(a = 1|x) + p(a = 2|x)). (5)
Now, outputting a ∈ {1, 2} contributes towards RMUBd but
also causes a penalty γd. Therefore, we expect to see a trade-
off between γd and the rate at which Alice outputs a =⊥. We
must suitably choose γd such that Alice’s best strategy is to
output a =⊥ with (on average over x) the desired probability
p(a =⊥ |x) = 1 − 2/d. This accounts for the intuition that
leads us to the following Bell inequalities for MUBs.
Theorem II.1 (Bell inequalities for MUBs). The Bell func-
tional SMUBd in Eq. (5) with
γd =
1
2
√
d− 1
d
, (6)
obeys the tight local bound
SMUBd
LHV≤ 2 (d− 1)
(
1− 1
2
√
d− 1
d
)
, (7)
and the quantum bound
SMUBd
Q
≤
√
d (d− 1). (8)
Moreover, the quantum bound can be saturated by sharing a
maximally entangled state of local dimension d and Bob per-
forming measurements in any two mutually unbiased bases.
Proof. A complete proof is presented in Appendix A 1. The
essential ingredient to obtain the bound in Eq. (8) is the
Cauchy–Schwarz inequality. Furthermore, for local models,
by inspecting the symmetries of the Bell functional SMUBd , one
finds that the local bound can be attained by Bob always out-
putting b = 1. This greatly simplifies the evaluation of the
bound in Eq. (7).
To see that the bound in Eq. (8) can be saturated in quan-
tum theory, let us evaluate the Bell functional for a particular
quantum realisation. Let |ψ〉 be the shared state, {Px1}dx1=1
and {Qx2}dx2=1 be the measurement operators of Bob cor-
responding to y = 1 and y = 2 respectively and Ax be
the observable of Alice defined as the difference between Al-
ice’s outcome-one and outcome-two measurement operators,
i.e. Ax = A1x −A2x. Then, the Bell functional reads
SMUBd =
∑
x
〈ψ|Ax ⊗ (Px1 −Qx2)− γd
(
A1x +A
2
x
)⊗ 1 |ψ〉.
(9)
Now, we choose the maximally entangled state of local dimen-
sion d, i.e. |ψ〉 = |ψmaxd 〉, and define Bob’s measurements as
rank-one projectors Px1 = |φx1〉〈φx1 | and Qx2 = |ϕx2〉〈ϕx2 |
which correspond to MUBs, i.e. |〈φx1 |ϕx2〉|2 = 1/d. Finally,
we choose Alice’s observables as Ax =
√
d/(d− 1)(Px1 −
Qx2)
T, where the pre-factor ensures the correct normalisation
and T denotes the transpose in the standard basis. Note that
Ax is a rank-two operator; the corresponding measurement
operator A1x (A
2
x) is a rank-one projector onto the eigenvector
of Ax associated to the positive (negative) eigenvalue. Since
the subsystems of |ψmaxd 〉 are maximally mixed, this implies〈ψmaxd |(A1x + A2x) ⊗ 1 |ψmaxd 〉 = 2/d. Inserting all this into
the above quantum model and exploiting the fact that for any
linear operator O we have O ⊗ 1 |ψmaxd 〉 = 1 ⊗OT|ψmaxd 〉, we
straightforwardly saturate the bound in Eq. (8). 
We remark that for the case of d = 2 one could also choose
γ2 = 0 and retain the property that qubit MUBs are optimal.
In this case the marginal term is not necessary, because in the
4optimal realisation Alice never outputs ⊥. Then, the quan-
tum bound becomes 2
√
2 and the local bound becomes 2.
The resulting Bell inequality resembles the Clauser–Horne–
Shimony–Holt (CHSH) inequality [51], not just because it
gives the same local and quantum values, but also because the
optimal realisations coincide. More specifically, the measure-
ments of Bob are precisely the optimal CHSH measurements,
whereas the four measurements of Alice correspond to two
pairs of optimal CHSH measurements.
III. DEVICE-INDEPENDENT CERTIFICATION OF
MUTUAL UNBIASEDNESS
Theorem II.1 establishes that a pair of MUBs of any di-
mension can generate a maximal quantum violation in a Bell
inequality test. We now turn to the converse matter, namely
that of device-independent certification. Specifically, given
that we observe the maximal quantum violation, i.e. equality
in Eq. (8), what can be said about the shared state and the
measurements? Since the measurement operators can only be
characterised on the support of the state, to simplify the no-
tation let us assume that the marginal states of Alice and Bob
are full-rank.
Theorem III.1 (Device-independent certification). The max-
imal quantum value of the Bell functional SMUBd in Eq. (5)
implies that
• There exist local isometries which allow Alice and Bob
to extract a maximally entangled state of local dimen-
sion d.
• Under the assumption that the marginal state of Bob is
full-rank, the two d-outcome measurements he performs
satisfy the relations
Pa = dPaQbPa and Qb = dQbPaQb, (10)
for all a and b.
Proof. The proof is detailed in Appendix A 2. Here, we briefly
summarise the part concerning Bob’s measurements. Since
the Cauchy–Schwarz inequality is the main tool for proving
the quantum bound in Eq. (8), saturating it implies that also
the Cauchy–Schwarz inequality is saturated. This allows us
to deduce that the measurements of Bob are projective and
moreover we obtain the following optimality condition:
Ax ⊗ 1 |ψ〉 = 1 ⊗
√
d
d− 1 (Px1 −Qx2) |ψ〉, (11)
for all x1, x2 ∈ [d] where the factor
√
d/(d− 1) can be re-
garded as a normalisation. Since we do not attempt to certify
the measurements of Alice, we can without loss of generality
assume that they are projective. This implies that the spectrum
of Ax only contains {+1,−1, 0} and therefore (Ax)3 = Ax.
This allows us to obtain a relation that only contains Bob’s
operators. Tracing out Alice’s system and subsequently elim-
inating the marginal state of Bob (it is assumed to be full-rank)
leads to
Px1 −Qx2 =
d
d− 1 (Px1 −Qx2)
3
. (12)
Expanding this relation and then using projectivity and the
completeness of measurements, one recovers the result in
Eq. (10). 
We have shown that observing the maximal quantum value
of SMUBd implies that the measurements of Bob satisfy the re-
lations given in Eq. (10). It is natural to ask whether a stronger
conclusion can be derived, but the answer turns out to be neg-
ative. In Appendix A 2 c we show that any pair of d-outcome
measurements (acting on a finite-dimensional Hilbert space)
satisfying the relations in Eq. (10) is capable of generating the
maximal Bell inequality violation. For d = 2, 3 the relations
given in Eq. (10) imply that the unknown measurements corre-
spond to a direct sum of MUBs (see Appendix B 3 a) and since
in these dimension there exists only a single pair of MUBs
(up to unitaries and complex conjugation), our results imply
a self-testing statement of the usual kind. However, since in
higher dimensions not all pairs of MUBs are equivalent [58],
our certification statement is less informative than the usual
formulation of self-testing. In other words, our inequalities al-
low us to self-test the quantum state, but we cannot completely
determine the measurements (see Refs. [59, 60] for related re-
sults). Note that we could also conduct a device-independent
characterisation of the measurements of Alice, but since these
are not relevant for the scope of this work (namely MUBs and
SICs), we do not do it explicitly.
The certification provided in Theorem III.1 turns out to be
sufficient to determine all the probabilities p(a, b|x, y) that
arise in the Bell experiment (see Appendix A 3), which means
that the maximal quantum value of SMUBd is achieved by a sin-
gle probability distribution. Due to the existence of inequiva-
lent pairs of MUBs in certain dimensions (e.g. for d = 4), this
constitutes the first example of an extremal point of the quan-
tum set which admits inequivalent quantum realisations.2
It is important to understand the relation between the condi-
tion given in Eq. (10) and the concept of MUBs. Naturally, if
{Pa}da=1 and {Qb}db=1 are d-dimensional MUBs, the relations
(10) are satisfied. Interestingly, however, there exist solutions
to Eq. (10) which are neither MUBs nor direct sums thereof.
While, as mentioned above, for d = 2, 3 one can show that any
measurements satisfying the relations (10) must correspond to
a direct sum of MUBs, this is not true in general. For d = 4, 5
we have found explicit examples of measurement operators
satisfying Eq. (10) which cannot be written as a direct sum
of MUBs. In fact, they cannot even be transformed into a
pair of MUBs via a completely positive unital map (see Ap-
pendix B for details). These results beg the crucial question:
how should one interpret the condition given in Eq. (10)?
2 Recall that the notion of equivalence we employ is precisely the one that
appears in the context of self-testing, i.e. we allow for additional degrees
of freedom, local isometries and a transposition.
5To answer this question we resort to an operational formu-
lation of what it means for two measurements to be mutually
unbiased. An operational approach must rely on observable
quantities (i.e. probabilities), as opposed to algebraic relations
between vectors or operators. This leads to the following nat-
ural definition of mutually unbiased measurements (MUMs)3.
Definition III.2 (Mutually unbiased measurements). We say
that two n-outcome measurements {Pa}na=1 and {Qb}nb=1 are
mutually unbiased if they are projective and the following im-
plications hold:
〈ψ|Pa|ψ〉 = 1⇒ 〈ψ|Qb|ψ〉 = 1
n
〈ψ|Qb|ψ〉 = 1⇒ 〈ψ|Pa|ψ〉 = 1
n
, (13)
for all a and b. That is, two projective measurements are mu-
tually unbiased if the eigenvectors of one measurement give
rise to a uniform outcome distribution for the other measure-
ment.
Note that this definition captures precisely the intuition be-
hind MUBs without the need to specify the dimension of the
underlying Hilbert space. Interestingly enough, MUMs admit
a simple algebraic characterisation.
Theorem III.3. Two n-outcome measurements {Pa}na=1 and
{Qb}nb=1 are mutually unbiased if and only if
Pa = nPaQbPa and Qb = nQbPaQb, (14)
for all a and b.
Proof. Let us first assume that the algebraic relations hold. By
summing over the middle index, one finds that both measure-
ments are projective. Moreover, if |ψ〉 is an eigenvector of
Pa, then 〈ψ|Qb|ψ〉 = 〈ψ|PaQbPa|ψ〉 = 1n 〈ψ|Pa|ψ〉 = 1n .
By symmetry, the analogous property holds if |ψ〉 is an eigen-
vector of Qb.
Conversely, let us show that MUMs must satisfy the above
algebraic relations. Since
∑
a Pa = 1 we can choose an or-
thonormal basis of the Hilbert space composed only of the
eigenvectors of the measurement operators. Let {|eaj 〉}a,j be
an orthonormal basis, where a ∈ [n] tells us which projector
the eigenvector corresponds to and j labels the eigenvectors
within a fixed projector (if Pa has finite rank, then j ∈ [trPa],
otherwise j ∈ N). By construction for such a basis we have
Pa|ea′j 〉 = δaa′ |eaj 〉. To show that Pa = nPaQbPa it suffices
to show that the two operators have the same coefficients in
this basis. Since
〈ea′j |nPaQbPa|ea
′′
k 〉 = nδaa′δaa′′〈eaj |Qb|eak〉, (15)
〈ea′j |Pa|ea
′′
k 〉 = δaa′δaa′′δjk (16)
3 Note that in what follows we use the term “eigenvector” to refer to eigen-
vectors corresponding to non-zero eigenvalues.
it suffices to show that n〈eaj |Qb|eak〉 = δjk. For j = k this is
a direct consequence of the definition in Eq. (13). To prove
the other case, define |φθ〉 =
(|eaj 〉+ eiθ|eak〉) /√2, for θ ∈
[0, 2pi). Since Pa|φθ〉 = |φθ〉, we have 〈φθ|Qb|φθ〉 = 1/n.
Writing this equality out gives
1
n
=
1
2
(
2
n
+ eiθ〈eaj |Qb|eak〉+ e−iθ〈eak|Qb|eaj 〉
)
. (17)
Choosing θ = 0 implies that the real part of 〈eaj |Qb|eak〉 van-
ishes, while θ = pi/2 implies that the imaginary part vanishes.
Proving the relation Qb = nQbPaQb proceeds in an analo-
gous fashion. 
Theorem III.3 implies that the maximal violation of the Bell
inequality for MUBs certifies precisely the fact the Bob’s mea-
surements are mutually unbiased. To provide further evidence
that MUMs constitute the correct device-independent gener-
alisation of MUBs, we give two specific situations in which
the two objects behave in the same manner.
Maassen and Uffink considered a scenario in which two
measurements (with a finite number of outcomes) are per-
formed on an unknown state. Their famous uncertainty re-
lation provides a state-independent lower bound on the sum
of the Shannon entropies of the resulting distributions [11].
While the original result only applies to rank-one projective
measurements, a generalisation to non-projective measure-
ments reads [61]
H(P ) +H(Q) ≥ − log c, (18)
where H denotes the Shannon entropy and c =
maxa,b‖
√
Pa
√
Qb‖2 where ‖·‖ is the operator norm. If we
restrict ourselves to rank-one projective measurements on a
Hilbert space of dimension d, one finds that the largest uncer-
tainty, corresponding to c = 1/d, is obtained only by MUBs.
It turns out that precisely the same value is achieved by any
pair of MUMs with d outcomes regardless of the dimension
of the Hilbert space:
c = max
a,b
‖
√
Pa
√
Qb‖2 = max
a,b
‖PaQb‖2
= max
a,b
‖PaQbPa‖ = max
a
‖Pa/d‖ = 1
d
. (19)
A closely related concept is that of measurement incom-
patibility, which captures the phenomenon that two measure-
ments cannot be performed simultaneously on a single copy
of a system. The extent to which two measurements are in-
compatible can be quantified e.g. by so-called incompatibility
robustness measures [62]. In Appendix B 4, we show that ac-
cording to these measures MUMs are exactly as incompatible
as MUBs. Moreover, we can show that for the so-called gener-
alised incompatibility robustness [63], MUMs are among the
most incompatible pairs of d-outcome measurements.
IV. APPLICATION: DEVICE-INDEPENDENT QUANTUM
KEY DISTRIBUTION
The fact that the maximal quantum violation of the Bell in-
equalities introduced above requires a maximally entangled
6state and MUMs, and moreover that it is achieved by a unique
probability distribution, suggests that these inequalities might
be useful for device-independent quantum information pro-
cessing. In the task of quantum key distribution [12, 13, 64]
Alice and Bob aim to establish a shared data set (a key) that
is secure against a malicious eavesdropper. Such a task re-
quires the use of incompatible measurements, and MUBs in
dimension d = 2 constitute the most popular choice. Since
in the ideal case the measurement outcomes of Alice and Bob
that contribute to the key should be perfectly correlated, most
protocols are based on maximally entangled states. In the
device-independent approach to quantum key distribution, the
amount of key and its security is deduced from the observed
Bell inequality violation.
We present a proof-of-principle application to device-
independent quantum key distribution based on the quantum
nonlocality witnessed through the Bell functional in Eq. (5).
In the ideal case, Alice and Bob follow the strategy that gives
them the maximal violation, i.e. they share a maximally entan-
gled state of local dimension d and Bob measures two MUBs.
To generate the key we provide Alice with an extra setting
that produces outcomes which are perfectly correlated with
the outcomes of the first setting of Bob. This will be the only
pair of settings from which the raw key will be extracted and
let us denote them by x = x∗ and y = y∗ = 1. In most
rounds of the experiment, Alice and Bob choose these set-
tings and therefore contribute towards the raw key. However,
to ensure security, a small number of rounds is used to evalu-
ate the Bell functional. In these rounds, which are chosen at
random, Alice and Bob randomly choose their measurement
settings. Once the experiment is complete, the resulting value
of the Bell functional is used to infer the amount of secure raw
key shared between Alice and Bob. The raw key can then be
turned into the final key by standard classical post-processing.
For simplicity, we consider only individual attacks and more-
over we focus on the limit of asymptotically many rounds in
which fluctuations due to finite statistics can be neglected.
The key rate, K, can be lower bounded by [65]
K ≥ − log (P βg )−H(By∗ |Ax∗), (20)
where P βg denotes the highest probability that the eavesdrop-
per can correctly guess Bob’s outcome when his setting is y∗
given that the Bell inequality value β was observed, andH(·|·)
denotes the conditional Shannon entropy. The guessing prob-
ability P βg is defined as
P βg ≡ sup
{ d∑
c=1
〈ψABE|1 ⊗ Pc ⊗ Ec|ψABE〉
}
, (21)
where {Ec}dc=1 is the measurement employed by the eaves-
dropper to produce her guess, the expression inside the curly
braces is the probability that her outcome is the same as Bob’s
for a particular realisation and the supremum is taken over all
quantum realisations (the tripartite state and measurements of
all three parties) compatible with the observed Bell inequality
value β.
Let us first focus on the key rate in a noise-free scenario,
i.e. in a scenario in which SMUBd attains its maximal value.
Then, one straightforwardly arrives at the following result.
Theorem IV.1 (Device-independent key rate). In the noise-
less case the quantum key distribution protocol based on
SMUBd achieves the key rate of
K = log d (22)
for any integer d ≥ 2.
Proof. In the noiseless case, Alice and Bob observe exactly
the correlations predicted by the ideal setup. In this case the
outcomes for settings (x∗, y∗) are perfectly correlated which
implies thatH(By∗ |Ax∗) = 0. Therefore, the only non-trivial
task is to bound the guessing probability.
Since the actions of the eavesdropper commute with the
actions of Alice and Bob, we can assume that she performs
her measurement first. If the probability of the eavesdropper
observing outcome c ∈ [d], which we denote by p(c), is non-
zero, then the (normalised) state of Alice and Bob conditioned
on the eavesdropper observing that outcome is given by:
ρ
(c)
AB =
1
p(c)
trC
[
(1 ⊗ 1 ⊗ Ec)|ψABE〉〈ψABE|
]
. (23)
Now Alice and Bob share one of the post-measurement states
ρ
(c)
AB and when they perform their Bell inequality test, they will
obtain different distributions depending on c, which we write
as pc(a, b|x, y). However, since the statistics achieve the max-
imal quantum value of SMUBd and we have previously shown
that the maximal quantum value is achieved by a single proba-
bility point, all the probability distributions pc(a, b|x, y) must
be the same. Moreover, we have shown that for this probabil-
ity point, the marginal distribution of outcomes on Bob’s side
is uniform over [d] for both inputs. This implies that
Pg =
d∑
c=1
p(c)pc(b = c|y = 1) = 1
d
, (24)
because pc(b = c|y = 1) = p(b = c|y = 1) = 1d for all c. 
We remark that the argument above is a direct consequence
of a more general result which states that if a bipartite prob-
ability distribution is a nonlocal extremal point of the quan-
tum set, then no external party can be correlated with the out-
comes [66].
It is interesting to note that the obtained key rate is the
largest possible for general setups in which the key is gen-
erated from a d-outcome measurement. Also, the key rate
is optimal for all protocols based on a pair of entangled
d-dimensional systems subject to projective measurements.
This follows from the fact that projective measurements in
Cd cannot have more than d outcomes. Note that it has re-
cently been shown that the same amount of randomness can
be generated using a modified version of the Collins–Gisin–
Linden–Massar–Popescu inequalities [67].
Let us now depart from the noise-free case and estimate
the key rate in the presence of noise. To ensure that both the
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be computed in terms of a single noise parameter, we have to
introduce an explicit noise model. We employ the standard ap-
proach in which the measurements remain unchanged, while
the maximally entangled state is replaced with an isotropic
state given by
ρv = v|ψmaxd 〉〈ψmaxd |+
1− v
d2
1 , (25)
where v ∈ [0, 1] is the visibility of the state. Using this state
and the ideal measurements for Alice and Bob, the relation
between v and SMUBd can be easily derived from (9), namely,
v =
1
2
(
1 +
SMUBd√
d(d− 1)
)
. (26)
Utilising this formula, we also obtain the value of
H(By∗ |Ax∗) as a function of the Bell violation. The remain-
ing part of (20) is the guessing probability (21). In the case of
d = 3, we proceed to bound this quantity through semidefinite
programming.
Concretely, we implement the three-party semidefinite re-
laxation [68] of the set of quantum correlations at local level
one4. This results in a moment matrix of size 532× 532 with
15617 variables. The guessing probability is directly given by
the sum of three elements of the moment matrix. It can then
be maximised under the constraints that the value of the Bell
functional SMUB3 is fixed and the moment matrix is positive
semidefinite. However, we notice that this problem is invari-
ant under the following relabelling: b → pi(b) for y = 1,
c → pi(c), x1 → pi(x1), where pi ∈ S3 is a permutation
of three elements. Therefore, it is possible to simplify this
semidefinite program by requiring the matrix to be invariant
under the group action of S3 on the moment matrix (i.e. it
is a Reynolds matrix) [43, 69, 70]. This reduces the number
of free variables in the moment matrix to 2823. With the Se-
DuMi [71] solver, this lowers the precision (1.1×10−6 instead
of 8.4×10−8), but speeds up the computation (155s instead of
8928s) and requires less memory (0.1GB instead of 5.5GB).
For the maximal value of SMUBd , we recover the noise-free re-
sult of K = log 3 up to the fifth digit. Also, we have a key
rate of at least one bit when SMUBd & 2.432 and a non-zero
key rate when SMUBd & 2.375. The latter is close to the local
bound, which is SMUBd ≈ 2.367. The resulting lower bound
on the key rate as a function of the Bell inequality violation is
plotted in Fig. 2.
V. NONLOCALITY FOR SYMMETRIC INFORMATIONAL
COMPLETENESS
We now shift our focus from MUBs to SICs. We con-
struct Bell inequalities whose maximal quantum violations are
4 We attribute one operator to each outcome of Bob and the eavesdropper,
but only take into account the first two outcomes of Alice.
FIG. 2. Lower bound on the key rateK in the asymptotic limit versus
the value of the Bell functional SMUB3 .
achieved with SICs. Since this turns out to be more challeng-
ing than for the case of MUBs, we first establish the relevance
of SICs in a simplified Bell scenario subject to additional con-
straints. This serves as a stepping stone to a subsequent relax-
ation which gives a standard (unconstrained) Bell inequality
for SICs. We then focus on the device-independent certifica-
tion power of these inequalities, which leads us to an oper-
ational notion of symmetric informational completeness. Fi-
nally, we extend the Bell inequalities so that their maximal
quantum violations are achieved with both projectors forming
SICs and a single generalised measurement corresponding to
a SIC-POVM.
A. Stepping stone: quantum correlations for SICs
Consider a Bell scenario, parameterised by an integer d ≥
2, involving two parties Alice and Bob who share a physical
system. Alice receives an input labelled by a tuple (x1, x2)
representing one of
(
d2
2
)
possible inputs, which we collec-
tively refer to as x = x1x2. The tuple is randomly taken
from the set Pairs(d2) ≡ {x|x1, x2 ∈ [d2] and x1 < x2}. Al-
ice performs a measurement on her part of the shared system
and produces a ternary output labelled by a ∈ {1, 2,⊥}. Bob
receives an input labelled by y ∈ [d2] and the associated mea-
surement produces a binary outcome labelled by b ∈ {1,⊥}.
The joint probability distribution is denoted by p(a, b|x, y),
and the Bell scenario is illustrated in Fig. 3.
Similar to the case of MUBs, in order to make our choice of
Bell functional transparent, we phrase it as a game played by
Alice and Bob. We imagine that their inputs are supplied by
a referee, who promises to provide x = x1x2 and y such that
either y = x1 or y = x2. Similar to the previous game Alice
can output a =⊥ to ensure that no points are won or lost.
However, in this game also Bob can ensure that no points are
won or lost by outputting b =⊥. If neither of them outputs ⊥,
a point is either won or lost. Specifically, when a = 1 a point
is won if y = x1 (and lost otherwise), whereas if a = 2 then a
point is won if y = x2 (and lost otherwise). Let us remark that
in this game Bob’s only role is to decide whether in a given
round points can be won/lost or not. For this game the total
8FIG. 3. Bell scenario for SICs of dimension d. Alice receives one of(
d2
2
)
inputs and returns a ternary outcome while Bob receives one of
d2 inputs and returns a binary outcome.
number of points (the Bell functional) reads
RSICd ≡
∑
x1<x2
(
p(1, 1|x, x1)− p(1, 1|x, x2)
+ p(2, 1|x, x2)− p(2, 1|x, x1)
)
,
(27)
where the sum is taken over all x ∈ Pairs(d2).
Let us now impose additional constraints on the marginal
distributions of the outputs. More specifically, we require that
∀x : p (a = 1|x) + p (a = 2|x) = 2
d
,
∀y : p(b = 1|y) = 1
d
.
(28)
The intuition behind these constraints is analogous to that dis-
cussed for the case of MUBs. Namely, we imagine that Al-
ice and Bob perform measurements on a maximally entangled
state of local dimension d. Then, we wish to fix the marginals
such that the measurements of Alice (Bob) for the outcomes
a ∈ {1, 2} (b = 1) remotely prepare Bob’s (Alice’s) sub-
system in a pure state. This corresponds to the marginals
p (a = 1|x) = p (a = 2|x) = p (b = 1|x) = 1/d which is re-
flected in the marginal constraints in Eq. (28). We remark that
imposing these constraints simplifies both the intuitive under-
standing of the game and the derivation of the results below.
However, it merely serves as a stepping stone to a more gen-
eral subsequent treatment in which the constraints (28) will be
removed.
To write the value of the Bell functional of a quantum
realisation, let us introduce two simplifications. The mea-
surement operators of Alice are denoted by {Aax} and as be-
fore it is convenient to work with the observables defined as
Ax = A
1
x − A2x. The measurements of Bob are denoted by
{Bby}, but since they only have two outcomes, all the expres-
sions can be written in terms of a single operator from each
input y. In our case it is convenient to use the outcome-one op-
erator and for convenience we will skip the superscript, i.e. we
will write By ≡ B1y for all y. Then, the Bell functional evalu-
ated on a specific quantum realisation reads
RSICd =
∑
x1<x2
〈ψ|Ax ⊗ (Bx1 −Bx2) |ψ〉. (29)
Note that the Bell functional, in particular when written in a
quantum model, is much reminiscent of the expressionRMUBd
(3) encountered for MUBs, with the key difference that the
roles of the inputs and outputs of Bob are swapped.
Let us consider a quantum strategy in which Alice and
Bob share a maximally entangled state |ψmaxd 〉. Moreover,
Bob’s measurements are defined as By = |φy〉〈φy|, where
{|φy〉}d2y=1 is a set of unit vectors forming a SIC (assum-
ing it exists in dimension d), i.e. |〈φy|φy′〉|2 = 1/(d + 1)
for all y 6= y′. Also, we define Alice’s observables as
Ax =
√
(d+ 1)/d (Bx1 −Bx2)T, where the pre-factor en-
sures normalisation. Firstly, since the subsystems of Alice and
Bob are maximally mixed, and the outcomes a ∈ {1, 2} and
b = 1 each correspond to rank-one projectors, the marginal
constraints in Eq. (28) are satisfied. Using the fact that for any
linear operator O we have O ⊗ 1 |ψmaxd 〉 = 1 ⊗OT|ψmaxd 〉, we
find that
RSICd =√
d+ 1
d
∑
x1<x2
〈ψmaxd |1 ⊗ (|φx1〉〈φx1 | − |φx2〉〈φx2 |)2 |ψmaxd 〉
=
√
d+ 1
d
∑
x1<x2
(
2
d
− 2
d(d+ 1)
)
= d(d−1)
√
d(d+ 1).
(30)
In fact, this strategy relying on a maximally entangled state
and a SIC achieves the maximal quantum value ofRSICd under
the constraints of Eq. (28). In Appendix C 1 we prove that
under these constraints the tight quantum and no-signaling
bounds onRSICd read
RSICd
Q
≤ d(d− 1)
√
d (d+ 1) (31)
RSICd
NS≤ d (d2 − 1) . (32)
We remark that SICs are not known to exist in all Hilbert
space dimensions. However, their existence in all dimensions
is strongly conjectured and explicit SICs have been found in
all dimensions up to 121 [34].
B. Bell inequalities for SICs
The marginal constraints in Eq. (28) allowed us to prove
that the quantum realisation based on SICs achieves the max-
imal quantum value ofRSICd . Our goal now is to remove these
constraints to obtain a standard Bell functional. Analogously
to the case of MUBs we add marginal terms to the original
functionalRSICd .
To this end, we introduce penalties for both Alice and Bob.
Specifically, if Alice outputs a ∈ {1, 2} they lose αd points,
whereas if Bob outputs b = 1, they lose βd points. The total
number of points in the modified game constitutes our final
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SSICd ≡ RSICd − αd
∑
x1<x2
(p (a = 1|x) + p (a = 2|x))
− βd
∑
y
p (b = 1|y) . (33)
Hence, our aim is to suitably choose the penalties αd and βd
so that the maximal quantum value of SSICd is achieved with a
strategy that closely mimics the marginal constraints (28) and
thus maintains the optimality of Bob performing a SIC.
Theorem V.1 (Bell inequalities for SICs). The Bell functional
SSICd in Eq. (33) with
αd =
1− δd,2
2
√
d
d+ 1
βd =
d− 2
2
√
d(d+ 1),
(34)
obeys the tight local bound
SSICd
LHV≤
{
4 for d = 2,
d2(d− 1)− d(d2 − d− 1)
√
d
d+1 for d ≥ 3,
(35)
and the quantum bound
SSICd
Q
≤ d+ 2δd,2
2
√
d (d+ 1). (36)
Moreover, the quantum bound is tight and can be saturated by
sharing a maximally entangled state of local dimension d and
choosing Bob’s outcome-one projectors to form a SIC.
Proof. The proof is presented in Appendix C 2. In order to ob-
tain the quantum bound in Eq. (36), the key ingredients are the
Cauchy–Schwarz inequality and semidefinite relaxations of
polynomial optimisation problems. To derive the local bound
in Eq. (35), the key observation is that the symmetries of the
Bell functional allow us to significantly simplify the problem.
The fact that the quantum bound is saturated by a maxi-
mally entangled state and Bob performing a SIC can be seen
immediately from the previous discussion that led to Eq. (30).
With that strategy, we findRSICd = d(d−1)
√
d(d+ 1). Since
it also respects p(a = 1|x)+p(a = 2|x) = 2/d ∀x, as well as
p(b = 1|y) = 1/d ∀y, a direct insertion into Eq. (33) saturates
the bound in Eq. (36). 
Note that in the limit of d → ∞ both the local bound and
the quantum bound grow as ∼ d2.
We remark that for the special case of d = 2, no penalties
are needed to maintain the optimality of SICs (which is why
the delta function appears in Eq. (34)). The derived Bell in-
equality for a qubit SIC (which corresponds to a tetrahedron
configuration on the Bloch sphere) can be compared to the so-
called elegant Bell inequality [52] whose maximal violation is
also achieved using the tetrahedron configuration. While we
require six settings of Alice and four settings of Bob, the el-
egant Bell inequality requires only four settings of Alice and
three settings of Bob. However, the additional complexity in
our setup carries an advantage when considering the critical
visibility of the shared state; i.e. the smallest value of v in
Eq. (25) (defining an isotropic state) for which the Bell in-
equality is violated. The critical visibility for violating the el-
egant Bell inequality is 86.6%, whereas for our Bell inequality
it is lowered to 81.6%. We remark that on the Bloch sphere,
the anti-podal points corresponding to the four measurements
of Alice and the six measurements of Bob form a cube and a
cuboctahedron respectively, which constitutes an instance of
the type of Bell inequalities proposed in Ref. [72].
C. Device-independent certification
Theorem V.1 shows that for any dimension d ≥ 2 we
can construct a Bell inequality which is maximally violated
by a SIC in that dimension (provided a SIC exists). Let us
now consider the converse question, namely that of device-
independent certification. In analogy with the case of MUBs
(Eq. (10)), we find a simple description of Bob’s measure-
ments.
Theorem V.2 (Device-independent certification). The maxi-
mal quantum value of the Bell functional SSICd , provided the
marginal state of Bob is full-rank, implies that his measure-
ment operators {By}d2y=1 are projective and satisfy∑
y
By = d 1 (37)
and
By = (d+ 1)ByBy′By (38)
for all y 6= y′.
A complete proof, which is similar in spirit to the proof of
Theorem III.1, can be found in Appendix C 3.
For the special case of d = 2, the conclusion can be made
even more accurate: the maximal quantum violation of SSIC2
implies that Bob’s outcome-one projectors are rank-one pro-
jectors acting on a qubit whose Bloch vectors form a regular
tetrahedron (up to the three standard equivalences used in self-
testing).
Similar to the case of MUBs, we face the key question of
interpreting the condition in Eq. (38) and its relation to SICs.
Again in analogy with the case of MUBs, we note that the con-
cept of a SIC references the dimension of the Hilbert space,
which should not appear explicitly in a device-independent
scenario. Hence we consider an operational approach to SICs,
which must rely on observable quantities (i.e. probabilities).
This leads us to the following natural definition of a set of pro-
jectors being operationally symmetric informationally com-
plete (OP-SIC).
Definition V.3 (Operational SIC). We say that a set of pro-
jectors {Ba}n2a=1 is operationally symmetric informationally
complete (OP-SIC) if ∑
a
Ba = n 1 (39)
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FIG. 4. Bell scenario for SICs and SIC-POVMs of dimension d. This
scenario modifies the original Bell scenario for SICs (see Figure 3)
by supplying Alice with an extra setting labelled by povm which
has d2 possible outcomes.
and
〈ψ|Ba|ψ〉 = 1⇒ 〈ψ|Bb|ψ〉 = 1
n+ 1
, (40)
for all a 6= b.
This definition trivially encompasses SICs as special in-
stances of OP-SICs. More interestingly, an argument analo-
gous to the proof of Theorem III.3 shows that this definition is
in fact equivalent to the relations given in Eqs. (37) and (38).
Hence, in analogy with the case of MUBs, the property of
Bob’s measurements certified by the maximal violation of our
Bell inequality is precisely the notion of OP-SICs.
D. Adding a SIC-POVM
The Bell inequalities proposed above (Bell functional SSICd )
are tailored to sets of rank-one projectors forming a SIC. How-
ever, it is also interesting to consider a closely related entity,
namely a SIC-POVM, which is obtained simply by normal-
ising these projectors, so that they can be collectively inter-
preted as arising from a single measurement. That is, a SIC-
POVM onCd is a measurement {Ea}d2a=1 in which every mea-
surement operator can be written as Ea = 1d |φa〉〈φa|, where
the set of rank-one projectors {|φa〉〈φa|}a forms a SIC. Due
to the simple relation between SICs and SIC-POVMs, we can
extend the Bell inequalities for SICs proposed above such that
they are optimally implemented with both a SIC (as before)
and a SIC-POVM.
It is clear that in order to make SIC-POVMs relevant to the
Bell experiment, it must involve at least one setting which cor-
responds to a d2-outcome measurement. For the Bell scenario
previously considered for SICs (see Figure 3), no such mea-
surement is present. Therefore, we supplement the original
Bell scenario by introducing a single additional measurement
setting of Alice, labelled by povm, which has d2 outcomes
labelled by a′ ∈ [d2]. The modified Bell scenario is illustrated
in Figure 4. We construct the Bell functional T SICd for this sce-
nario by modifying the previously considered Bell functional
SSICd :
T SICd = SSICd −
d2∑
y=1
p(a′ = y, b =⊥ |povm, y). (41)
Hence, whenever Bob outputs “⊥“ and the outcome associ-
ated to the setting povm coincides with the input of Bob, a
point is lost.
Evidently, the largest quantum value of T SICd is no greater
than the largest quantum value of SSICd . In order for the for-
mer to equal the latter, we require that: i) SSICd reaches its
maximal quantum value (which is given in Eq. (36)) and ii)
that p(a′ = y, b =⊥ |povm, y) = 0 ∀y. We have already
seen that by sharing a maximally entangled state and Bob’s
outcome-one projectors {By}y forming a SIC, the condition
i) can be satisfied. By normalisation, we have that Bob’s
outcome-⊥ projectors areB⊥y = 1−By . Again noting that for
any linear operator O we have O⊗ 1 |ψmaxd 〉 = 1 ⊗OT|ψmaxd 〉,
observe that if Bob applies B⊥y , then Alice’s local state is or-
thogonal to By . Hence, if Alice chooses her POVM {Ea′},
corresponding to the setting povm, as the SIC-POVM de-
fined by Ea′ = 1dB
T
a′ , the probability of finding a
′ = y van-
ishes. This satisfies condition ii). Hence, we conclude that in
a general quantum model
T SICd
Q
≤ d+ 2δd,2
2
√
d (d+ 1), (42)
and that the bound can be saturated by supplementing the pre-
vious optimal realisation with a SIC-POVM on Alice’s side.
VI. APPLICATION: DEVICE-INDEPENDENT QUANTUM
RANDOM NUMBER GENERATION
The fact that the Bell functionals SSICd and T SICd achieve
their maximal quantum values with a SIC and a SIC-POVM
respectively, opens up the possibility for device-independent
quantum information protocols for tasks in which SICs and
SIC-POVMs are desirable. We focus on one such application,
namely that of device-independent quantum random number
generation [73]. This is the task of certifying that the data
generated by a party cannot be predicted by a malicious eaves-
dropper. In the device-independent setting, both the amount of
randomness and its security is derived from the violation of a
Bell inequality.
Non-projective measurements, such as SIC-POVMs, are
useful for this task. The reason is that a Bell experiment im-
plemented with entangled systems of local dimension d and
standard projective measurements cannot have more than d
outcomes. Consequently, one cannot hope to certify more
than log d bits of local randomness. However, Bell exper-
iment relying on d-dimensional entanglement implemented
with (extremal) non-projective measurements can have up to
d2 outcomes [74]. This opens the possibility of generating up
to 2 log d bits of local randomness without increasing the di-
mension of the shared entangled state. Notably, for the case
of d = 2, such optimal quantum random number generation
has been shown using a qubit SIC-POVM [42].
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FIG. 5. Lower bound on the amount of device-independent random-
ness versus the value of T SIC2 .
Here, we employ our Bell inequalities for SIC-POVMs to
significantly outperform standard protocols relying on projec-
tive measurements on d-dimensional entangled states. To this
end, we briefly summarise the scenario for randomness gener-
ation. Alice and Bob perform many rounds of the Bell exper-
iment illustrated in Figure 4. Alice will attempt to generate
local randomness from the outcomes of her setting labelled
by povm. In most rounds of the Bell experiment, Alice per-
forms povm and records the outcome a′. In a smaller num-
ber of rounds, she randomly chooses her measurement setting
and the data is used towards estimating the value of the Bell
functional T SICd defined in Eq. (41). A malicious eavesdrop-
per may attempt to guess Alice’s relevant outcome a′. To this
end, the eavesdropper may entangle her system with that of
Alice and Bob, and perform a well-chosen POVM {Ec}c to
enhance her guess. In analogy to Eq. (21), the eavesdropper’s
guessing probability reads
P βg ≡ sup
{ d2∑
c=1
〈ψABE|Acpovm ⊗ 1 ⊗ Ec|ψABE〉
}
, (43)
where {Ec}d2c=1 is the measurement employed by the eaves-
dropper to produce her guess, the expression inside the curly
braces is the probability that her outcome is the same as Al-
ice’s outcome for the setting povm for a particular realisation
and the supremum is taken over all quantum realisations (the
tripartite state and measurements of all three parties) compat-
ible with the observed Bell inequality violation β = T SICd .
We quantify the randomness generated by Alice using the
conditional min-entropy Hmin(Apovm|E) = − log
(
P βg
)
. To
obtain a device-independent lower bound on the randomness,
we must evaluate an upper bound on P βg for a given observed
value of the Bell functional. We saw in Section IV that if
the eavesdropper is only trying to guess the outcome of a sin-
gle measurement setting, we can without loss of generality
assume that they are only classically correlated with the sys-
tems of Alice and Bob. As before, we restrict ourselves to the
asymptotic limit of many rounds, in which fluctuations due to
finite statistics can be neglected.
In order to bound the randomness for some given value of
T SICd , we use the hierarchy of quantum correlations [68]. We
restrict ourselves to the cases of d = 2 and d = 3. For the
case of d = 2, we construct a moment matrix with the opera-
tors {(1 , Ax)⊗ (1 , By)⊗ (1 , E)}∪{Apovm ⊗ (1 , By, E)},
neglecting the ⊥ outcome. The matrix is of size 361 × 361
with 10116 variables. Again, we can make use of symmetry
to simplify the semidefinite program. In this case, the follow-
ing permutation leaves the problem invariant: x1 → pi(x1),
x2 → pi(x2), a → fpi(a, x1, x2), a′ → pi(a′), y → pi(y),
c→ pi(c), where
fpi(a, x1, x2) =

a pi(x1) < pi(x2)
2 pi(x1) ≥ pi(x2) and a = 1
1 pi(x1) ≥ pi(x2) and a = 2
⊥ pi(x1) ≥ pi(x2) and a =⊥
(44)
and pi ∈ S4. Using this symmetry reduces the number of free
variables to 477. The trade-off between the amount of certi-
fied randomness and the nonlocality is illustrated in Figure 5.
We find that for sufficiently large values of T SIC2 (roughly
T SIC2 ≥ 4.8718), we outperform the one-bit limitation asso-
ciated to projective measurements on entangled qubits. No-
tably, for even larger values of T SIC2 , we also outperform the
restriction of log 3 bits associated to projective measurements
on entangled systems of local dimension three. For the opti-
mal value of T SIC2 we findHmin(Apovm|E) & 1.999, which is
compatible up to numerical precision with the largest possible
amount of randomness obtainable from qubit systems under
general measurements, namely two bits.
For the case of d = 3 we bound the guessing probabil-
ity following the method of Ref [73]. This has the advan-
tage of requiring only a bipartite, and hence smaller, moment
matrix than the tripartite formulation. However, the amount
of symmetry leaving the problem invariant is reduced, be-
cause the objective function only involves one outcome. Con-
cretely, we construct a moment matrix of size 820 × 820
with 263549 variables. We then write the guessing proba-
bility as P (a′ = 1|povm) and identify the following group
of permutations leaving the problem invariant: x1 → pi(x1),
x2 → pi(x2), a → fpi(a, x1, x2), a′ → pi(a′), y → pi(y),
where pi ∈ S9 leaves element 1 invariant and permutes ele-
ments 2, . . . , 9 in all possible ways. Taking this symmetry into
account reduces the number of free variables to 460. In order
to further simplify the problem we make use of RepLAB, a
recently developed tool which decomposes representations of
finite groups into irreducible representations [75, 76]. This
allows us to write the moment matrix in a preferred basis in
which it is block diagonal. The semidefinite constraint can
then be imposed on each block independently, with the largest
block of size 28 × 28 instead of 820 × 820. Solving one
semidefinite program with SeDuMi [71] then takes 0.7s with
< 0.1GB of memory instead of 162s/0.2GB without block-
diagonalisation, and fails due to lack of memory without any
symmetrisation (> 400GB required).
Using entangled states of dimension three and correspond-
ing SIC-POVMs, one can attain the full range of values for
T SIC3 . Importantly, the guessing probability is independent of
the outcome guessed by the eavesdropper, and we can verify
that the bound we obtain is convex, hence guaranteeing that
no mixture of strategy by the eavesdropper must be consid-
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FIG. 6. Lower bound on the amount of device-independent random-
ness versus the value of T SIC3 .
ered [73]. The randomness is then given in Figure 6, which
indicates that by increasing the value of T SIC3 , we can ob-
tain more randomness than the best possible schemes rely-
ing on standard projective measurements and entangled sys-
tems of dimensions 3, 4, 5, 6, 7. Especially, in the case of
T SIC3 being maximal, we find that Hmin(Apovm|E) ≈ 3.03
bits. This is larger than what can be obtained by performing
projective measurements on eight dimensional systems (since
log 8 = 3 bits). It is, however, worth noting that this last value
is obtained at the boundary of the set of quantum correlations
where the precision of the solver is significantly reduced5.
It is not straightforward to estimate the extent to which this
reduced precision may influence the guessing probability, so
it would be interesting to reproduce this computation with a
more precise solver such as SDPA [77].
VII. CONCLUSIONS
MUBs and SICs are conceptually elegant, fundamentally
important and practically useful features of quantum theory.
We investigated their role in quantum nonlocality. For both
MUBs and SICs (of any Hilbert space dimension) we pre-
sented families of Bell inequalities for which they produce
the maximal quantum violations. Moreover, we showed that
these maximal quantum violations certify natural operational
notions of mutual unbiasedness and symmetric informational
completeness. Then, we considered applications of both fam-
ilies of Bell inequalities in practically relevant tasks. The Bell
inequalities for MUBs turn out to be useful for the task of
device-independent quantum key distribution and give the op-
timal key rate for measurements with d outcomes. Moreover,
for the case of qutrit systems we investigated the noise robust-
ness of the protocol. For the Bell inequalities for SICs, we
considered device-independent random number generation for
qubits and qutrits based on SIC-POVMs. We showed (up to
numerical precision) optimal randomness generation for qubit
systems. For qutrit systems, we showed that more random-
ness can be generated than in any scheme using standard pro-
jective measurements and entanglement of up to dimension
seven. These results were obtained using the RepLAB pack-
age, which helped to significantly reduce the complexity of
the corresponding semidefinite programs by taking advantage
of their symmetry.
This work opens many new research directions, so let us
mention just a few of them. We showed that a maximal quan-
tum violation of the Bell inequality for MUBs self-tests a
maximally entangled state of local dimension d. In the case
of the Bell inequality for SICs we have managed to certify the
measurements of Bob, but we do not have a self-testing re-
sult for the state. If a self-test of the state is possible, what
are the implications for the device-independent certification
of the SIC-POVM setting? This may prove helpful towards
solving another interesting question, namely that of proving
optimal local randomness generation (i.e. 2 log d bits) for any
d based on the Bell inequality for SIC-POVMs. Another av-
enue of exploration regards the concept of mutually unbiased
measurements (MUMs). In this work, we have shown some of
their basic properties with regard to MUBs as well as exam-
ples of how they are relevant in quantum information theory.
However, a more systematic exploration of MUMs would be
desirable. Similarly, a general exploration of operational SICs
(OP-SICs) in quantum information theory, as well as their re-
lation to SICs, would be of similar interest. Finally, we note
that our noise-robust results for quantum key distribution and
quantum random number generation may be relevant for ex-
perimental implementations.
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Appendix A: Bell inequalities for mutually unbiased bases
In this appendix we fill in some details on the Bell inequalities for MUBs. We start by deriving the local and quantum bounds
and proving the device-independent certification result stated in the main text. Then, we proceed to show that no stronger
characterisation of Bob’s measurement can be obtained from the maximal violation of our Bell inequality and, moreover, that
the maximal violation is achieved by a single probability point.
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1. Proof of the local and quantum values (Theorem II.1)
We begin by proving the quantum bound of the Bell functional for MUBs (SMUBd ). We denote Alice’s POVMs by {Aax}, Bob’s
POVMs by {Pb} (for y = 1) and {Qb} (for y = 2) and the shared state by |ψ〉 (without loss of generality we assume that the
measurements are projective and the shared state is pure). For the moment, we focus on the first term contributing the the Bell
functional, namelyRMUBd defined in Eq. (3). In a quantum model, we have
RMUBd =
∑
x
〈ψ|Ax ⊗ (Px1 −Qx2) |ψ〉, (A1)
where the summation goes over x = x1x2 ∈ [d]2 and the observable Ax is defined as Ax ≡ A1x −A2x. In what follows, we will
omit the tensor notation when Alice’s or Bob’s action is the identity.
Applying the Cauchy–Schwarz inequality to every term in the summand of Eq. (A1) gives
RMUBd ≤
∑
x
√
〈ψ|A1x +A2x|ψ〉
√
〈ψ| (Px1 −Qx2)2 |ψ〉, (A2)
where we have used the fact that for projective measurements (Ax)2 = A1x + A
2
x. In the next step we again use the Cauchy–
Schwarz inequality but in a different form: for si, ri ≥ 0 it holds that
∑
i
√
si
√
ri ≤
√∑
i si
√∑
i ri with equality if and only
if ∀i : si = k · ri for some proportionality constant k. This leads us to the bound
RMUBd ≤
√∑
x
〈ψ|A1x +A2x|ψ〉
√∑
x
〈ψ| (Px1 −Qx2)2 |ψ〉. (A3)
We denote the sum under the first square-root by t. Also, we use projectivity and completeness to write∑
x
(Px1 −Qx2)2 =
∑
x
Px1 +Qx2 − {Px1 , Qx2} = 2 (d− 1) 1 . (A4)
Then, we can return to the Bell functional SMUBd and bound it by
SMUBd ≤
√
2(d− 1)t− 1
2
√
d− 1
d
t. (A5)
To maximise the right-hand-side over t ≥ 0 we differentiate with respect to t to find a unique extremum at t = 2d. Re-inserting
this value into Eq. (A5) returns the quantum bound given in Eq. (8).
To derive the classical bound on SMUBd given in Eq. (7) recall that it suffices to optimise over deterministic strategies. Moreover,
once the strategy of Bob is fixed, finding the optimal strategy of Alice is easy. If Bob outputs b = u1 for y = 1 and b = u2 for
y = 2, the Bell functional becomes
SMUBd =
∑
x
(δx1,u1 − δx2,u2) 〈ψ|A1x −A2x|ψ〉 −
1
2
√
d− 1
d
∑
x
〈ψ|A1x +A2x|ψ〉. (A6)
We define R± = {x ∈ [d]2|δx1,u1 − δx2,u2 = ±1} and R0 = [d]2 \ (R+ ∪ R−). By expanding the above expression for
SMUBd into the separate sums over R+, R− and R0 it becomes clear that the optimal choice of Alice is to choose A1x = 1 and
A2x = A
⊥
x = 0 (always output a = 1) when x ∈ R+, choose A2x = 1 and A1x = A⊥x = 0 (always output a = 2) when x ∈ R−
and choose A⊥x = 1 and A
1
x = A
2
x = 0 (always output a =⊥) when x ∈ R0. Since |R±| = d − 1, this leads to the classical
bound in Eq. (7).
2. Device-independent certification (Theorem III.1)
In this section we show what can be deduced about the measurements of Bob and the shared state based only on observing
the maximal violation. In the last part we show that the condition obtained for Bob’s measurement is complete, i.e. it cannot be
strengthened in any way.
To simplify the notation we assume that the marginal states of Alice and Bob are full-rank (in any case no information can
be deduced outside of the support of the state). Moreover, since we do not aim to certify the measurements of Alice we can
without loss of generality assume that they are projective. For Bob, on the other hand, we do not make such an assumption and
projectivity is rigorously deduced.
In the arguments below we assume that the state shared between Alice and Bob is pure. However, if Alice and Bob share
a mixed state we simply purify it using an additional register and apply the arguments below to the purification. Since the
purification register remains untouched throughout the argument, it is clear that the same conclusions hold if Alice and Bob
share a mixed state.
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a. Measurements of Bob
In the previous section we have derived an upper bound on the quantum value of the Bell functionalRMUBd . Since the resulting
bound is tight, our argument must be tight at every step. By examining each step of the argument we can deduce certain relations
that must be satisfied by any quantum realisation that produces the maximal violation.
Eq. (A2) is obtained by applying the Cauchy–Schwarz inequality to the Bell functional RMUBd in Eq. (A1). Saturating the
Cauchy–Schwarz inequality implies that for all x we have
Ax|ψ〉 = µx (Px1 −Qx2) |ψ〉, (A7)
for some complex number µx. Left-multiplying both sides by 〈ψ|(Px1−Qx2), one deduces that µx is real and non-negative. The
non-negativity stems from the fact that we have previously used that 〈ψ|Ax ⊗ (Px1 −Qx2) |ψ〉 ≤ |〈ψ|Ax ⊗ (Px1 −Qx2) |ψ〉|.
Also, Eq. (A7) implies that
〈ψ|(Ax)2|ψ〉 = µ2x〈ψ| (Px1 −Qx2)2 |ψ〉. (A8)
The fact that the second application of the Cauchy–Schwarz inequality, which leads to Eq. (A3), is tight implies that
〈ψ|(Ax)2|ψ〉 = 〈ψ|A1x + A2x|ψ〉 = ν〈ψ| (Px1 −Qx2)2 |ψ〉 for some constant ν > 0. This implies that µ1 = µ2 = . . . =
µd2 ≡ µ. Finally, note that Eq. (A4) holds if and only if all the measurements of Bob are projective and since we used it to
derive our upper bound, we conclude that all the measurements of Bob must be projective.
Summing Eq. (A8) over x we obtain
t = 2µ2(d− 1), (A9)
where t ≡∑x〈ψ|(Ax)2|ψ〉. Just after Eq. (A5) we found that the optimal value of t is given by t = 2d, which implies
µ =
√
d
d− 1 . (A10)
Thus, we have established the useful relation
Ax|ψ〉 =
√
d
d− 1 (Px1 −Qx2) |ψ〉. (A11)
Since the measurements of Alice are projective, the spectra of Ax only contain the values {+1,−1, 0} and, hence, the observ-
ables must satisfy (Ax)3 = Ax. Using this in Eq. (A11) gives√
d
d− 1 (Px1 −Qx2) |ψ〉 =
(
d
d− 1
)3/2
(Px1 −Qx2)3 |ψ〉. (A12)
Note that we have managed to eliminate the operators of Alice from the equation. Therefore, we can trace out Alice’s system
and subsequently right-multiply by the inverse of Bob’s local state (which we assume to be full-rank). This leaves us with
Px1 −Qx2 =
d
d− 1 (Px1 −Qx2)
3
, (A13)
which using projectivity can be simplified to
Px1 −Qx2 = d (Px1Qx2Px1 −Qx2Px1Qx2) . (A14)
Summing over x1 we obtain
1 = d
∑
x1
Px1Qx2Px1 . (A15)
Since {Px1} are orthogonal, this implies that
Px1 = dPx1Qx2Px1 , (A16)
which is the desired relation. Analogously, summing Eq. (A14) over x2 leads to
Qx2 = dQx2Px1Qx2 . (A17)
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b. The shared state
Here we show that if Alice and Bob observe the maximal quantum value of SMUBd , then there exist local operations which
allow them to extract a maximally entangled state of local dimension d. More specifically, if |ψ〉 ∈ HA⊗HB is the state shared
between Alice and Bob, then we explicitly construct isometries VA : HA → Cd ⊗HA and VB : HB → Cd ⊗HB such that
(VA ⊗ VB)|ψ〉 = |ψmaxd 〉 ⊗ |ψaux〉. (A18)
As usual these isometries are constructed out of the measurement operators: {Ax}x∈[d]2 for Alice and {Pj}dj=1 and {Qk}dk=1
for Bob.
Let us start with the construction on Bob’s side. Bob starts by applying an isometry R : HB → Cd ⊗HB defined as
R =
∑
j
|j〉 ⊗ Pj . (A19)
Note that all the summations in this section go over [d]. Then, he applies a unitary S : Cd ⊗HB → Cd ⊗HB defined as
S =
∑
k
|k〉〈k| ⊗ Uk, (A20)
where
Uk = d
∑
j
PjQ1Pj+k. (A21)
Note that the integer j+k in the subscript is taken modulo d with the possible values in {1, 2, . . . , d}. The fact that the operators
{Uk}dk=1 are indeed unitaries is a direct consequence of Eqs. (A16) and (A17). In fact, they correspond to a cyclic shift of the
measurement operators {Pj}:
UkPjU
†
k = Pj−k. (A22)
The combined extraction procedure on Bob’s side reads:
VB = SR =
∑
j
|j〉 ⊗ UjPj = d
∑
j
|j〉 ⊗ PdQ1Pj . (A23)
To construct an isometry on Alice’s side we first construct operators which on act on Alice’s side analogous to how Pj and Uj
act on Bob’s side. Summing Eq. (A11) over one of the indices implies that
Px1 |ψ〉 =
1
d
(
1 + µ−1
∑
x2
Ax
)|ψ〉, (A24)
Qx2 |ψ〉 =
1
d
(
1 − µ−1
∑
x1
Ax
)|ψ〉 (A25)
and recall that r =
√
d/(d− 1). This motivates us to define the following operators on Alice’s side:
P˜x1 =
1
d
(
1 + µ−1
∑
x2
Ax
)
, (A26)
Q˜x2 =
1
d
(
1 − µ−1
∑
x1
Ax
)
. (A27)
The cross relations
(P˜x1 ⊗ 1 )|ψ〉 = (1 ⊗ Px1)|ψ〉, (A28)
(Q˜x2 ⊗ 1 )|ψ〉 = (1 ⊗Qx2)|ψ〉. (A29)
ensure that the new operators of Alice satisfy the same algebraic relations as the old operators of Bob. For instance to show
projectivity note that
(P˜x1 ⊗ 1 )|ψ〉 = (1 ⊗ Px1)|ψ〉 = (1 ⊗ P 2x1)|ψ〉 = (P˜ 2x1 ⊗ 1 )|ψ〉. (A30)
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Tracing out the system of Bob gives
P˜x1ρA = P˜
2
x1ρA. (A31)
Right-multiplying by ρ−1A (recall the full-rank marginal assumption) leads to
P˜x1 = P˜
2
x1 . (A32)
Summing over x1 in Eq. (A28) gives
(
∑
x1
P˜x1 ⊗ 1 )|ψ〉 = |ψ〉. (A33)
Tracing over Bob’s system and right-multiplying by ρ−1A implies∑
x1
P˜x1 = 1 . (A34)
To see that they satisfy relations analogous to Eqs. (A16) note that
(P˜x1 ⊗ 1 )|ψ〉 = (1 ⊗ Px1)|ψ〉 = d(1 ⊗ Px1Qx2Px1)|ψ〉 = d(P˜x1 ⊗ Px1Qx2)|ψ〉 (A35)
= d(P˜x1Q˜x2 ⊗ Px1)|ψ〉 = d(P˜x1Q˜x2 P˜x1 ⊗ 1 )|ψ〉 (A36)
and therefore
P˜x1 = dP˜x1Q˜x2 P˜x1 . (A37)
By symmetry they also satisfy
Q˜x2 = dQ˜x2 P˜x1Q˜x2 . (A38)
This implies that
U˜k = d
∑
j
P˜jQ˜1P˜j+k (A39)
are valid unitaries onHA. Moreover, it is easy to check that
(U˜k ⊗ 1 )|ψ〉 = (1 ⊗ U†k)|ψ〉. (A40)
Now we are ready to define the local isometry on Alice’s side. Again, it consists of two parts
R˜ =
∑
j
|j〉 ⊗ P˜j , (A41)
S˜ =
∑
k
|k〉〈k| ⊗ U˜k (A42)
and the combined extraction isometry on Alice’s side reads
VA = S˜R˜ =
∑
j
|j〉 ⊗ U˜jP˜j . (A43)
Applying the local isometries to the initial state gives
|ψout〉 = (VA ⊗ VB)|ψ〉 =
∑
jk
|jk〉 ⊗ (U˜jP˜j ⊗ UkPk)|ψ〉. (A44)
Since
(P˜j ⊗ Pk)|ψ〉 = (1 ⊗ PkPj)|ψ〉 = δjk(1 ⊗ Pj)|ψ〉, (A45)
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the cross terms necessarily vanish:
|ψout〉 =
∑
j
|jj〉 ⊗ (U˜j ⊗ UjPj)|ψ〉. (A46)
Moreover, Eqs. (A40) and (A22) imply that
(U˜j ⊗ UjPj)|ψ〉 = (1 ⊗ UjPjU†j )|ψ〉 = (1 ⊗ Pd)|ψ〉, (A47)
which gives
|ψout〉 = |ψmaxd 〉 ⊗
√
d(1 ⊗ Pd)|ψ〉, (A48)
where |ψmaxd 〉 is the standard maximally entangled state of local dimension d. Since |ψout〉 must be a normalised state, we
immediately deduce that
〈ψ|1 ⊗ Pd|ψ〉 = 1
d
. (A49)
However, it is intuitively clear that our choice of Pd is arbitrary. A slightly different definition of Uk in Eq. (A21) would lead
to the same conclusion for an arbitrary Px1 , while swapping the two measurements implies the same for all Qx2 . Therefore, as
a side result of this argument we conclude that the maximal violation necessarily implies that the marginal distributions on Bob
are uniform, i.e.:
〈ψ|1 ⊗ Px1 |ψ〉 = 〈ψ|1 ⊗Qx2 |ψ〉 =
1
d
(A50)
for all x1, x2.
c. The condition obtained for Bob’s measurements is complete
In Appendix A 2 a we have shown that if Bob’s measurements are capable of producing the maximal violation of SMUBd , they
must satisfy
Pa = dPaQbPa and Qb = dQbPaQb (A51)
for all a, b ∈ [d]. To show that no stronger characterisation of Bob’s measurements is possible based only on the observed Bell
violation, we show that any pair of measurements acting on a finite-dimensional Hilbert space which satisfy these relations can
be used to produce the maximal violation of SMUBd .
By summing the equations in Eq. (A51) over b and a respectively, the completeness relation implies Pa = P 2a and Qb = Q
2
b .
Hence, Bob’s measurements are projective. Moreover, from Ref. [78] we know that Eq. (A51) implies that all the measurement
operators have equal traces, i.e. for all a, b we have
tr (Pa) = tr (Qb) = n. (A52)
for some integer n. Denoting the dimension of the Hilbert space by D, the completeness relation gives
D = tr (1 ) =
d∑
a=1
tr (Pa) = dn. (A53)
Let us now define Kab = Pa −Qb. Expanding and applying relations (A51) lead to
Kab =
d
d− 1K
3
ab. (A54)
This implies that the possible eigenvalues of Kab belong to {0,±
√
(d− 1)/d}. However, from Eq. (A52) it follows that
tr (Kab) = 0, which means that there are as many positive eigenvalues of Kab as there are negative ones. In order to find the
number of such pairs of eigenvalues, we evaluate
tr
(
K2ab
)
= tr (Pa +Qb − {Pa, Qb}) = 2n− tr ({Pa, Qb}) = 2n− 2 tr (PaQbPa) = 2n d− 1
d
, (A55)
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where we have used that tr(PaQb) = tr(PaQbPa) and the relations (A51). Hence, Kab has n pairs of non-zero eigenvalues.
Now we are ready to construct a quantum realisation which achieves the maximal quantum value of SMUBd using the measure-
ments of Bob discussed above. We assume that the system of Alice is of the same dimension D, that Alice and Bob share the
maximally entangled state |ψmaxD 〉 and define Alice’s observables as Ax =
√
d/(d− 1)KTx1x2 . Notably, the eigenvalues of Ax
come from {0,±1}, so it is a valid observable. The Bell functionalRMUBd then reads
RMUBd =
∑
x
〈ψmaxD |Ax⊗Kx1x2 |ψmaxD 〉 =
√
d
d− 1
∑
x
〈ψmaxD |1⊗(Kx1x2)2|ψmaxD 〉 =
1
D
√
d
d− 1
∑
x
tr
(
(Kx1x2)
2
)
= 2
√
d(d− 1),
(A56)
where we have used that for any linear operator O we have O ⊗ 1 |ψmaxD 〉 = 1 ⊗OT|ψmaxD 〉, the fact that the local state of Bob is
1 /D, and the equations (A55) and (A53). Moreover, it is easy to check that
γd
∑
x
〈ψmaxD |(Ax)2 ⊗ 1 |ψmaxD 〉 = γd
∑
x
d
D(d− 1) tr
(
(Kx1x2)
2
)
=
√
d(d− 1). (A57)
In conclusion, we arrive at
SMUBd = RMUBd − γd
∑
x
〈ψmaxD |(Ax)2 ⊗ 1 |ψmaxD 〉 =
√
d(d− 1), (A58)
which concludes the proof.
3. Maximal quantum violations for MUBs imply a unique probability distribution
In this section we show that the relations derived in Appendix A 2 are sufficient to reconstruct the entire probability distri-
bution. This implies that the maximal violation is achieved by a unique probability point. In this section we only explicitly
compute the probabilities which involve the first two outcomes of Alice. Clearly, the probabilities including the third outcome
are determined by normalisation.
Recall that in Eq. (A11) we established that
Ax|ψ〉 =
(
A1x −A2x
) |ψ〉 = µ (Px1 −Qx2) |ψ〉, (A59)
where µ =
√
d/(d− 1). This immediately implies that
(Ax)
2|ψ〉 = (A1x +A2x) |ψ〉 = µ2 (Px1 −Qx2)2 |ψ〉. (A60)
By taking the sum and difference of Eq. (A59) and Eq. (A60), we obtain
A1x|ψ〉 =
µ
2
[(µ+ 1)Px1 + (µ− 1)Qx2 − µ{Px1 , Qx2}] |ψ〉
A2x|ψ〉 =
µ
2
[(µ− 1)Px1 + (µ+ 1)Qx2 − µ{Px1 , Qx2}] |ψ〉.
(A61)
This allows us to write down the probabilities in terms of expectation values involving only Bob’s operators:
〈ψ|A1x ⊗ Pu|ψ〉 =
µ
2
(
(µ+ 1)δx1u〈Px1〉+
[
µ(1− δx1u)− 1
]〈Qx2Pu〉 − µ〈Px1Qx2Pu〉) , (A62)
〈ψ|A2x ⊗ Pu|ψ〉 =
µ
2
(
(µ− 1)δx1u〈Px1〉+
[
µ(1− δx1u) + 1
]〈Qx2Pu〉 − µ〈Px1Qx2Pu〉) , (A63)
〈ψ|A1x ⊗Qu|ψ〉 =
µ
2
(
(µ− 1)δx2u〈Qx2〉+
[
µ(1− δx2u) + 1
]〈Px1Qu〉 − µ〈Qx2Px1Qu〉) , (A64)
〈ψ|A2x ⊗Qu|ψ〉 =
µ
2
(
(µ+ 1)δx2u〈Qx2〉+
[
µ(1− δx2u)− 1
]〈Px1Qu〉 − µ〈Qx2Px1Qu〉) , (A65)
where 〈·〉 denotes the expectation value with respect to |ψ〉. In the previous section we have already showed that 〈Pu〉 = 〈Qu〉 =
1
d for all y. To compute the remaining terms we take advantage of the extraction isometries proposed before. Intuitively, we
manage to replace the expectation values of the original measurement operators on the original unknown states by the expectation
values of the extracted measurement operators on the maximally entangled state. More specifically, we use the fact that since
V †BVB = 1 , for any linear operator O on Bob’s side we have
〈O〉 = tr(OρB) = tr(V †BVBOV †BVBρB) = tr(VBOV †B · VBρBV †B). (A66)
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In the previous section we have shown that
VBρBV
†
B = 1 ⊗ PdρBPd. (A67)
Then, Eq. (A23) implies that
VBPuQvV
†
B = d
2
∑
k
|u〉〈k| ⊗ PdQ1PuQvPkQ1Pd, (A68)
which leads to
〈PuQv〉 = tr(VBPuQvV †B · VBρBV †B) =
1
d
〈Pd〉 = 1
d2
. (A69)
Clearly, we also have 〈QvPu〉 = 〈PuQv〉∗ = 1/d2. Similarly, we have
VBPuQvPwV
†
B = d
2|u〉〈w| ⊗ PdQ1PuQvPwQ1Pd, (A70)
which leads to
〈PuQvPw〉 = tr(VBPuQvPwV †B · VBρBV †B) =
δuw
d
〈Pd〉 = δuw
d2
. (A71)
To compute the expectation values we have used a particular extraction. If we know consider an extraction procedure which
swaps the roles of the first and second measurement of Bob, by symmetry we will conclude that
〈QuPvQw〉 = δuw
d2
. (A72)
Having computed all the necessary terms we can simply write down the probabilities:
〈ψ|A1x ⊗ Pu|ψ〉 =

1
2d
(
1 +
√
d−1
d
)
if x1 = u,
1
2d(d−1)
(
1−
√
d−1
d
)
otherwise.
〈ψ|A2x ⊗ Pu|ψ〉 =

1
2d
(
1−
√
d−1
d
)
if x1 = u,
1
2d(d−1)
(
1 +
√
d−1
d
)
otherwise.
(A73)
and
〈ψ|A1x ⊗Qu|ψ〉 =

1
2d
(
1−
√
d−1
d
)
if x2 = u,
1
2d(d−1)
(
1 +
√
d−1
d
)
otherwise.
〈ψ|A2x ⊗Qu|ψ〉 =

1
2d
(
1 +
√
d−1
d
)
if x2 = u,
1
2d(d−1)
(
1−
√
d−1
d
)
otherwise.
(A74)
In particular, it is easy to check that
〈ψ|A1x|ψ〉 = 〈ψ|A2x|ψ〉 =
1
d
. (A75)
Appendix B: Mutually unbiased measurements
In this appendix, we analyse the structure of mutually unbiased measurements (MUMs). As a reminder, we repeat the
definition:
Definition B.1. Two d-outcome measurements {Pa}da=1 and {Qb}db=1 acting on the Hilbert spaceH are mutually unbiased if
Pa = dPaQbPa and Qb = dQbPaQb, (B1)
for all a and b.
In the following, we define three natural subclasses of MUMs, introduce technical tools for analysing their structures, and
through low-outcome number examples we deduce how these subclasses relate to each other.
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1. Three relevant subclasses
Let P = {Pa}da=1 and Q = {Qb}db=1 be a pair of d-outcome MUMs acting onH.
Definition B.2. We say that P and Q are mutually unbiased bases (MUBs) if H = Cd and the measurement operators are
rank-one projectors Pa = |ua〉〈ua|, Qb = |vb〉〈vb|. Note that the MUM conditions in Eq. (B1) imply that |〈ua|vb〉| = 1/
√
d.
Definition B.3. We say that P and Q are a direct sum of mutually unbiased bases if H = ⊕j Cd and Pa = ⊕j P ja , Qb =⊕
j Q
j
b, where for every j the pair P
j andQj are mutually unbiased bases. In the following, we will denote this class by MUB⊕.
Definition B.4. We say that P and Q are MUB-extractable if there exists a completely positive unital map Λ : B(H)→ B(Cd)
such that the measurements defined as
P ′a = Λ(Pa) and Q
′
b = Λ(Qb) (B2)
are mutually unbiased bases. In the following, we will denote this class by MUBext.
It follows directly from the above definitions that
MUB ( MUB⊕ ⊆ MUBext ⊆ MUM, (B3)
where the first inclusion is trivially seen to be strict. In the remainder of this appendix, we show that in general all of the above
inclusions are strict.
2. Technical tools
In this section we introduce some technical tools to analyse the structure of MUMs. First, following Ref. [78], we derive a
canonical form of MUMs in which they are fully characterised by a collection of unitary operators. Then, we provide a necessary
and sufficient condition for MUMs to be unitarily equivalent to a direct sum of MUBs in terms of these unitaries. Lastly, we
derive a generic lemma on the extractability of arbitrary sets of Hermitian operators via completely positive unital maps. In
the subsequent section, we apply these techniques to analyse the inclusions within the MUM subclasses for outcome numbers
d = 2, 3, 4, 5.
In this appendix we use H to denote a separable Hilbert space, B(H) to denote the set of bounded operators acting on H and
BH(H) to denote the set of bounded Hermitian operators acting onH.
a. Canonical form of mutually unbiased measurements
Let us take a pair of MUMs {Pa}da=1 and {Qb}db=1 on a separable Hilbert space H. That is, measurements that satisfy the
relations in Eq. (B1), namely
∀a, b : Pa = dPaQbPa and Qb = dQbPaQb. (B4)
Following Ref. [78] we provide a characterisation of such a measurement pair.
First, note that these conditions imply projectivity, which can be seen by summing over the middle term. Then, defining
Oab =
√
dPaQb, it is easy to see that
OabO
†
ab = Pa, (B5)
O†abOab = Qb. (B6)
This means that all the projectors are isomorphic, i.e. either all Pa, Qb are finite-rank (and then trPa = trQb = n for all a, b for
some fixed n ∈ N) or none of them is. LetHa denote the subspace on which Pa projects. The completeness relation
∑
a Pa = 1
implies that
H '
d⊕
a=1
Ha. (B7)
However, the fact that all these Hilbert spaces are isomorphic allows us to write
H ' H′ ⊗ Cd (B8)
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for some other (potentially infinite-dimensional but still separable) Hilbert spaceH′. Then, the first measurement reads
Pa = 1 ⊗ |a〉〈a|, (B9)
where {|a〉}da=1 is an orthonormal basis on Cd. The second measurement can be written as
Qb =
1
d
∑
jk
Xbjk ⊗ |j〉〈k| (B10)
for some operators Xbjk ∈ B(H′). Since Qb = Q†b, we must have that Xbjk = [Xbkj ]†. Moreover, it is easy to show that all the
Xbjk are unitary. Note that
d2PjQbPkQbPj = dPjQbPj = Pj = 1 ⊗ |j〉〈j|. (B11)
On the other hand, a direct calculation gives
d2PjQbPkQbPj = X
b
jkX
b
kj ⊗ |j〉〈j|. (B12)
Since Xbkj = [X
b
jk]
†, we obtain Xbjk[X
b
jk]
† = 1 , and by symmetry [Xbjk]
†Xbjk = 1 .
The first MUM condition PjQbPj = Pj/d implies that
Xbjj = 1 (B13)
for all j and b. The second MUM condition has an interesting implication: QbPjQb = Qb/d leads to
Xbjk = X
b
jaX
b
ak (B14)
for all j, k, a, b. In other words, the entire projector Qb is determined by only d of the Xbjk operators. For instance, we can write
Xbjk = X
b
j1X
b
1k (B15)
and recall that Xb11 = 1 .
The structure derived above allows us to introduce a unitary transformation onH. Let
U ≡
∑
j
X11j ⊗ |j〉〈j|. (B16)
Clearly, UPaU† = Pa, and
Q′b ≡ UQbU† =
1
d
∑
jk
X11jX
b
jkX
1
k1 ⊗ |j〉〈k|. (B17)
It is easy to see that
Q′1 = 1 ⊗ |v〉〈v|, (B18)
where
|v〉 = 1√
d
d∑
j=1
|j〉 (B19)
is a uniform superposition of all the basis states. In other words, this unitary transformation fixes the form of Q′1.
Now we characterise the remaining Q′b. Let
Y bjk ≡ X11jXbjkX1k1. (B20)
These are still unitary and it holds for these operators as well that Y bjj = 1 and Y
b
jk = Y
b
j1Y
b
1k. Let us denote V
b
j ≡ Y bj1, and
therefore
Q′b =
1
d
∑
jk
V bj (V
b
k )
† ⊗ |j〉〈k|. (B21)
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From the previous arguments we have that V 1j = V
b
1 = 1 for all j, b. The orthogonality constraint Q
′
bQ
′
b′ = 0 for b 6= b′ implies∑
j
(V bj )
†V b
′
j = 0 ∀b 6= b′, (B22)
whereas the completeness relation
∑
bQ
′
b = 1 gives∑
b
V bj (V
b
k )
† = δjkd 1 . (B23)
The following two propositions, whose results appeared originally in Ref. [78], summarise the observations we have made so
far.
Proposition B.5. Let {Pa}da=1 and {Qb}db=1 be two d-outcome mutually unbiased measurements on a separable Hilbert spaceH. Then, the Hilbert space H is isomorphic to H′ ⊗ Cd, for some Hilbert space H′, and the measurement operators can be
written as
Pa = 1 ⊗ |a〉〈a|,
Qb =
1
d
∑
jk
V bj (V
b
k )
† ⊗ |j〉〈k|,
V bj (V
b
j )
† = (V bj )
†V bj = 1 ∀j, b,
V 1j = V
b
1 = 1 ∀j, b,∑
j
(V bj )
†V b
′
j = 0 ∀b 6= b′,∑
b
V bj (V
b
k )
† = δjkd 1 ∀j, k.
(B24)
We will refer to the representation of {Pa} and {Qb} in terms of {V bj } as the canonical form.
b. Condition for equivalence to direct sum of MUBs
In the following, we show a necessary and sufficient condition for a pair of MUMs to be unitarily equivalent to a direct sum
of MUBs.
Proposition B.6. For a pair of MUMs {Pa}da=1 and {Qb}db=1 the following statements are equivalent:
1. If we represent {Pa} and {Qb} in the canonical form, then all the {V bj } matrices commute:
[V bj , V
b′
j′ ] = 0 ∀j, j′, b, b′. (B25)
2. The measurements {Pa} and {Qb} correspond to a direct sum of MUBs.
Proof. The fact that (2) =⇒ (1) is clear, so let us focus on (1) =⇒ (2). From Eq. (B25) it follows that all the Y bjk operators
commute, i.e. that
[Y bjk, Y
b′
j′k′ ] = 0 (B26)
for all j, j′, k, k′, b, b′. This implies that one can find a basis onH′ denoted by {|en〉}n such that
Y bjk =
∑
n
λjk,bn |en〉〈en|, (B27)
with |λjk,bn | = 1. Then
Qb =
∑
n
|en〉〈en| ⊗ Tn,b, (B28)
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where
Tn,b ≡ 1
d
∑
jk
λjk,bn |j〉〈k|. (B29)
Since Qb is Hermitian, so must be the operators Tn,b, and since Qb is projective, the operators Tn,b are also projectors. In fact,
one can compute the trace to verify that they are rank-one projectors. Since Y bjj = 1 , we have that λ
jj,b
n = 1, and
trTn,b =
1
d
∑
j
λjj,bn = 1. (B30)
We also have that 〈a|Tn,b|a〉 = 1d , and therefore {|a〉〈a|}da=1 and {Tn,b}db=1 form a pair of MUBs in dimension d. By looking
at Eqs. (B24) and (B28) we immediately see that {Pa} and {Qb} can be written as direct sums of MUBs. 
c. Condition for non-extractability
In this section we derive a condition guaranteeing that a pair of MUMs cannot be transformed into a pair of MUBs under the
action of a completely positive unital map. This condition can be understood as a certificate that the particular pair of MUMs
does not belong to the class MUBext defined earlier. Let us start with a more general technical statement. In the following we
use the fact that for a Hermitian bounded operator M its spectrum, denoted by spec(M), is a bounded and closed subset of R
and hence max{spec(M)} is well-defined.
Lemma B.7. Let {Ak}nk=1 ⊂ BH(HA) be a set of bounded Hermitian operators on HA, and {Bk}nk=1 ⊂ BH(HB) be a set of
bounded Hermitian operators onHB such that dimHB <∞. Then, if
dimHB ·max
{
spec
(∑
k
ATk ⊗Bk
)}
<
∑
k
trB2k, (B31)
then there does not exist a completely positive unital map Λ : B(HA)→ B(HB) such that Λ(Ak) = Bk for all k = 1, . . . , n.
Proof. The existence of the above unital map can be written as the semidefinite programming feasibility problem [80]
C ∈ BH(HA ⊗HB)
C ≥ 0
trA C = 1B
trA
[
C
(
ATk ⊗ 1B
)]
= Bk ∀k,
(B32)
due to the Choi–Jamiołkowski isomorphism [81, 82]. Let us define Hermitian dual variablesX ∈ BH(HA⊗HB), Y ∈ BH(HB)
and Zk ∈ BH(HB) for the above constraints, and define the Lagrangian function
L(X,Y, {Zk}) ≡ sup
C∈BH(HA⊗HB)
{
tr(XC) + tr [Y (1B − trA C)] +
∑
k
tr
[
Zk
{
Bk − trA
[
C
(
ATk ⊗ 1B
)] }]}
, (B33)
which is guaranteed to be real. We also define the dual problem
L(X,Y, {Zk}) < 0
X ≥ 0. (B34)
The primal in Eq. (B32) and the dual are weak alternatives, that is, they cannot be both feasible (there do not exist variables C,
X , Y and Zk satisfying all the constraints in both Eqs. (B32) and (B34)), because in that case we would have
0 > L(X,Y, {Zk}) ≥ tr(XC) + tr [Y (1B − trA C)] +
∑
k
tr
[
Zk
{
Bk − trA
[
C
(
ATk ⊗ 1B
)] }] ≥ 0, (B35)
which is a contradiction. Therefore, if we find a feasible point for the dual in Eq. (B34), then the primal in Eq. (B32) is infeasible.
Let us rewrite the Lagrangian in Eq. (B33) as
L(X,Y, {Zk}) = sup
C∈BH(HA⊗HB)
tr
{
C
[
X − 1A ⊗ Y −
∑
k
(
ATk ⊗ 1B
)
(1A ⊗ Zk)
]}
+ trY +
∑
k
tr(ZkBk)
≡ sup
C∈BH(HA⊗HB)
tr(CX ′) + trY +
∑
k
tr(ZkBk),
(B36)
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where we have defined X ′ = X − 1A ⊗ Y −
∑
k
(
ATk ⊗ Zk
)
and used the fact that the dual map of the partial trace is
tr∗A(.) = 1A ⊗ (.). In order to have L(X,Y, {Zk}) < +∞, we need to set X ′ = 0, because there is no restriction imposed on
C in the dual problem. Therefore, an equivalent formulation of the dual feasibility problem in Eq. (B34) is
trY +
∑
k
tr(ZkBk) < 0
1A ⊗ Y +
∑
k
(
ATk ⊗ Zk
) ≥ 0. (B37)
We choose the ansatz Y = y1B and Zk = −zBk with y, z ∈ R, and substitute it into Eq. (B37), which gives
y · dimHB − z ·
∑
k
trB2k < 0
y1 − z ·
∑
k
(
ATk ⊗Bk
) ≥ 0. (B38)
Satisfying the second constraint in general requires y ≥ 0 (specifically if∑k (ATk ⊗Bk) is not full rank), and therefore we also
need z ≥ 0 in order to satisfy the first constraint. In order to get the lowest value in the first constraint, it is desirable to satisfy
the second inequality with equality, which leads to
y = z ·max
{
spec
(∑
k
ATk ⊗Bk
)}
. (B39)
Plugging this into Eq. (B38) gives
z ·
[
dimHB ·max
{
spec
(∑
k
ATk ⊗Bk
)}
−
∑
k
trB2k
]
< 0
z ≥ 0,
(B40)
which is feasible whenever
dimHB ·max
{
spec
(∑
k
ATk ⊗Bk
)}
<
∑
k
trB2k. (B41)

Remark B.8. Consider two sets of n projective measurements with m outcomes, {Ayb}y=1,...,nb=1,...,m ⊂ BH(HA) and
{Byb }y=1,...,nb=1,...,m ⊂ BH(HB). Since for positive semidefinite operators max{spec(M)} = ‖M‖, where ‖.‖ is the operator
norm, in this case the criterion in Eq. (B31) reads ∥∥∥∑
y,b
(Ayb )
T ⊗Byb
∥∥∥ < n. (B42)
Using the triangle inequality and the fact that every
∑
b(A
y
b )
T ⊗Byb is a projection, we have that∥∥∥∑
y,b
(Ayb )
T ⊗Byb
∥∥∥ ≤∑
y
∥∥∥∑
b
(Ayb )
T ⊗Byb
∥∥∥ = n. (B43)
The saturation of this inequality is equivalent to the existence of a state |ψ〉 ∈ HA ⊗HB such that
〈ψ|
∑
b
(Ayb )
T ⊗Byb |ψ〉 = 1 ∀y. (B44)
Therefore, Eq. (B31) for two sets of n projective measurement is equivalent to the non-existence of a state |ψ〉 such as in
Eq. (B44).
3. Examples
In this section, using the above techniques, we show that for outcome numbers d = 2 (3), every MUM pair is unitarily
equivalent to a direct sum of MUBs in dimension 2 (3). Therefore, for d = 2 and 3, MUB⊕ = MUBext = MUM. However, we
also show that this is not the case for d = 4 and 5, where we show explicit examples of MUM pairs that are not MUB-extractable.
This shows that in general MUBext ( MUM.
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a. Outcome numbers 2 and 3
Proposition B.9. For d = 2 and d = 3, every pair of mutually unbiased measurements can be written as a direct sum of
d-dimensional MUBs.
Proof. From Eq. (B24) it is clear that for every pair of MUMs we have that
V 1j = V
b
1 = 1 ∀b, j,∑
j
V bj = 0 ∀b 6= 1,∑
b
V bj = 0 ∀j 6= 1.
(B45)
For d = 2 this fixes all V bj , that is, V
1
1 = V
1
2 = V
2
1 = 1 , whereas V
2
2 = −1 . Then all V bj commute, and by Proposition B.6 the
measurements are direct sums of 2-dimensional MUBs.
For the d = 3 case, we have that V 11 = V
1
2 = V
1
3 = V
2
1 = V
3
1 = 1 . Let us denote V
2
2 = V . Then from Eq. (B45) it follows
that V 23 = V
3
2 = −1 − V and V 33 = V , and again all the matrices {V bj } commute. 
b. Outcome numbers 4 and 5
Let us now construct two 5-outcome MUMs {Pa}5a=1 and {Qb}5b=1 in dimension 10, such that they are not MUB-extractable.
We will define the operators Pa and Qb formally on the space B(C2 ⊗ C5), and we will denote the qubit Pauli operators by X ,
Y and Z. We define the Pa operators as
Pa = 1 2 ⊗ |a〉〈a|, (B46)
where {|a〉}5a=1 is the computational basis on C5, and the first Q operator as
Q1 = 1 2 ⊗ |v〉〈v|, |v〉 = 1√
5
5∑
j=1
|j〉. (B47)
For the next three Q operators, we define unitaries that will transform Q1 into Q2, Q3 and Q4:
Ub =
5∑
j=1
U bj ⊗ |k〉〈k|, b = 2, 3, 4, (B48)
where
U21 = Z, U
2
2 = X, U
2
3 = −
1
2
X +
√
3
2
Y, U24 = −
1
2
X −
√
3
2
Y, U25 = −Z,
U31 = Z, U
3
2 = −
1
2
X −
√
3
2
Y, U33 = −Z, U34 = X, U35 = −
1
2
X +
√
3
2
Y,
U41 = Z, U
4
2 = −Z, U43 = −
1
2
X −
√
3
2
Y, U44 = −
1
2
X +
√
3
2
Y, U45 = X
(B49)
(note that these unitaries are not the same as the V bj in Eq. (B24)). Using these unitaries, we define
Qb = UbQ1U
†
b , b = 2, 3, 4, (B50)
and finally,
Q5 = 1 10 −Q1 −Q2 −Q3 −Q4. (B51)
Proposition B.10. The measurements {Pa}5a=1 and {Qb}5b=1 defined in Eqs. (B46), (B47), (B50) and (B51) are mutually
unbiased, but they are not MUB-extractable.
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Proof. It is straightforward to check that these measurements satisfy the relations in Eq. (B4), and are therefore MUMs (see the
attached Mathematica file “dim5.nb”). Now we will show, using Lemma B.7, that there does not exist a completely positive
unital map Λ : B(C10)→ B(C5) such that Λ(Pa) = Aa and Λ(Qb) = Bb, where Aa and Bb are projectors onto a pair of MUBs
in dimension 5.
From Ref. [58], we know that up to a global unitary transformation and the reordering of the elements of {Bb}, every pair of
MUBs in dimension 5 can be written as
Aa = |a〉〈a|, Bb = F5AbF †5 , (B52)
where F5 is the Fourier matrix in dimension five, defined by its elements
〈a|F5|b〉 = 1√
5
ω(a−1)(b−1), a, b = 1, . . . , 5, ω = e
2pii
5 . (B53)
According to Remark B.8 and Eq. (B44) therein, a completely positive unital map Λ : B(C10)→ B(C5) such that Λ(Pa) = Aa
and Λ(Qb) = Bb does not exist, if there does not exist a state |ψ〉 ∈ C10 ⊗ C5, such that
〈ψ|
∑
a
P Ta ⊗Aa|ψ〉 = 〈ψ|
∑
b
QTb ⊗Bb|ψ〉 = 1. (B54)
Note that due to the freedom in permuting the elements of {Bb}, we need to check whether a state |ψ〉 ∈ C10 ⊗ C5 exists such
that
〈ψ|
∑
a
P Ta ⊗Aa|ψ〉 = 〈ψ|
∑
b
QTb ⊗Bσ(b)|ψ〉 = 1 (B55)
for every permutation σ ∈ S5 on the set {1, 2, 3, 4, 5}.
In order to rule out the existence of such a state, first notice that the operator
∑
a P
T
a ⊗Aa =: P is a projection. Therefore, if
a state |ψ〉 such as in Eq. (B55) exists, then we have that P|ψ〉 = |ψ〉, and therefore
〈ψ|P
∑
b
QTb ⊗Bσ(b)P|ψ〉 = 1. (B56)
However, using the fact that for any operator M , ‖M‖∞ ≤ ‖M‖2, where ‖·‖p is the Schatten p-norm, we have that
〈ψ|P
∑
b
QTb ⊗Bσ(b)P|ψ〉 ≤
∥∥∥P∑
b
QTb ⊗Bσ(b)P
∥∥∥
∞
≤
∥∥∥P∑
b
QTb ⊗Bσ(b)P
∥∥∥
2
=
√√√√tr(P∑
b
QTb ⊗Bσ(b)P
∑
b′
QTb′ ⊗Bσ(b′)P
)
< 1 ∀σ ∈ S5,
(B57)
which is straightforward to verify (see the attached Mathematica file “dim5.nb”).

Let us also provide an explicit example of a pair of 4-outcome MUMs {Pa}4a=1 and {Qb}4b=1 in dimension 8, such that they
are not MUB-extractable. Similarly to the previous example, we write
Pa = 1 2 ⊗ |a〉〈a|,
Q1 = 1 2 ⊗ |v〉〈v|, |v〉 = 1
2
4∑
j=1
|j〉, (B58)
and we define U2 that will transform Q1 into Q2:
U2 =
4∑
j=1
U2j ⊗ |k〉〈k|, (B59)
where
U21 =
1√
3
(X + Y + Z), U22 =
1√
3
(X − Y − Z), U23 =
1√
3
(−X + Y − Z), U24 =
1√
3
(−X − Y + Z). (B60)
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Using these unitaries, we define
Q2 = U2Q1U
†
2 . (B61)
Next, let us define
Q3 =
1
4

1 0 0 −1 −1 0 0 1
0 1 1 0 0 −1 −1 0
0 1 1 0 0 −1 −1 0
−1 0 0 1 1 0 0 −1
−1 0 0 1 1 0 0 −1
0 −1 −1 0 0 1 1 0
0 −1 −1 0 0 1 1 0
1 0 0 −1 −1 0 0 1

, (B62)
and finally,
Q4 = 1 8 −Q1 −Q2 −Q3. (B63)
Proposition B.11. The measurements {Pa}4a=1 and {Qb}4b=1 defined in Eqs. (B58), (B61), (B62) and (B63) are mutually
unbiased, but they are not MUB-extractable.
Proof. It is straightforward to check that these measurements satisfy the relations in Eq. (B4), and are therefore mutually unbi-
ased (see the attached Mathematica file “dim4.nb”). Now we will show, using Lemma B.7, that there does not exist a completely
positive unital map Λ : B(C8) → B(C4) such that Λ(Pa) = Aa and Λ(Qb) = Bb, where Aa and Bb are projectors onto a pair
of MUBs in dimension 4.
From Ref. [58], we know that up to a global unitary transformation and the reordering of the elements of {Bb}, every pair of
MUBs in dimension 4 can be written as
Aa = |a〉〈a|, Bb(x) = F4(x)AbF4(x)†, x ∈ [0, 2pi), (B64)
where F4(x) is the one-parameter family of complex Hadamard matrices in dimension 4, defined as
F4(x) =
1
2
1 1 1 11 1 −1 −11 −1 ieix −ieix
1 −1 −ieix ieix
 x ∈ [0, 2pi). (B65)
According to Remark B.8 and Eq. (B42) therein, a completely positive unital map Λ : B(C8) → B(C4) such that Λ(Pa) = Aa
and Λ(Qb) = Bσ(b)(x) does not exist, if∥∥∥∑
a
P Ta ⊗Aa +
∑
b
QTb ⊗Bσ(b)(x)
∥∥∥
∞
< 2, (B66)
and we need to check this condition for all σ ∈ S4 permutations and all values of x ∈ [0, 2pi). This can be done numerically
up to machine precision by computing the largest eigenvalue of the above operator. Fig. 7 contains the largest eigenvalue,
also maximised over σ ∈ S4, for 10000 different values of x ∈ [0, 2pi) (also see the attached Matlab files “dim4_plot.m” and
“dim4_example_plot” (written for Octave) to generate the plot). It is apparent that the norm is always strictly smaller than 2,
and hence the numerical evidence is convincing.

From the above examples, it is clear that in general the set MUM is strictly larger than the set MUBext, which is in turn strictly
larger than the set MUB. Finally, let us consider a direct sum of a pair of MUBs with a pair of MUMs that cannot be written as a
direct sum of MUBs. This gives a pair of measurements that is not a direct sum of MUBs, but that can be mapped to MUBs via
a completely positive unital map. This shows that the set MUBext is strictly larger than the set MUB⊕.
All the above considerations lead to the following classification of MUMs (also see Fig. 8):
MUB ( MUB⊕ ( MUBext ( MUM, (B67)
where in general all the inclusions are strict.
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FIG. 7. Maximal eigenvalue of the operator in Eq. (B66) for 10000 different values of the MUB parameter x ∈ [0, 2pi), each maximised over
σ ∈ S4.
FIG. 8. Classification of mutually unbiased measurements. Note that these classes partially collapse (MUB⊕ = MUM) for outcome numbers
2 and 3, but they are strictly different for outcome numbers 4 and 5.
4. Incompatibility robustness
In Ref. [83] five measures of incompatibility robustness have been considered. In particular these measures have been evalu-
ated for MUBs in arbitrary dimension d. In this appendix we show that for measurements acting on a finite-dimensional Hilbert
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space the algebraic relations given in Eq. (B4) are sufficient to guarantee precisely the same value as for MUBs for all five
measures. This implies that for the generalised incompatibility robustness MUMs are among the most incompatible pairs of
measurements with d-outcomes.
Explaining the concept of incompatibility robustness is beyond the scope of this work, so we restrict ourselves to giving ex-
plicit constructions and arguments necessary to prove our claims. We are extensively using the language and notation introduced
in Ref. [83]. To prove that a pair of measurements gives a certain value of incompatibility robustness we must provide an explicit
construction of a joint measurement and argue that no higher value of incompatibility robustness is possible. In the rest of this
appendix we first specify a construction and finally argue that it saturates the upper bounds derived in Ref. [83]. In a nutshell,
the reason why the constructions proposed for MUBs work for measurements satisfying the algebraic relations given in Eq. (B4)
is the fact that in these constructions at any point we only consider a single measurement operator from the first measurement
and a single operator from the second measurement. We have shown before that in this case operators satisfying the algebraic
relations given in Eq. (B4) are indistinguishable from MUBs.
What turns out to be crucial is that the MUM conditions completely determine the spectrum of the operator Pa + Qb. In
Appendix B 2 a we showed that if a pair of d-outcome MUMs exists in a Hilbert spaceH, then we must haveH ' H′ ⊗ Cd for
some other Hilbert spaceH′ and there exists a unitary U : H → H′ ⊗ Cd such that
UPaU
† = 1 ⊗ |a〉〈a| and UQ1U† = 1 ⊗ |v〉〈v|, (B68)
where {|j〉}dj=1 is an orthonormal basis on Cd and |v〉 = 1√d
∑d
j=1 |j〉. Clearly, computing the spectrum of Pa + Q1 reduces
to computing the spectrum of a rank-two operator acting on Cd. Finally, note that the choice of Q1 as the projector that should
take a particularly simple form after applying the unitary was arbitrary and we can easily find a unitary which achieves the same
goal for any Qb. From this we conclude that
spec(Pa +Qb) =

{
1 + 1√
2
, 1− 1√
2
}
for d = 2,{
1 + 1√
d
, 1− 1√
d
, 0
}
for d ≥ 3.
(B69)
Construction: Let {Pa}da=1 and {Qb}db=1 be a pair of d-outcome measurements acting onCn which satisfies the algebraic re-
lations given in Eq. (B4) (in particular, they must be projective). Consider the joint measurement given by operators {Gab}da,b=1
defined as
Gab =
1
2(d+
√
d)
(
Pa +Qb +
√
d{Pa, Qb}
)
. (B70)
To verify that these are positive semidefinite note that we can explicitly compute their spectrum. Since {Pa, Qb} = (Pa +
Qb)
2 − (Pa +Qb) and we already know the spectrum of Pa +Qb we immediately conclude that
spec(Gab) =
{1
d
, 0
}
. (B71)
It is easy to verify that they are also normalised, i.e.
∑
abGab = 1 . Computing the marginals gives∑
b
Gab =
1
2(d+
√
d)
(
dPa + 1 + 2
√
dPa
)
=
1
2
(
1 +
1√
d+ 1
)
Pa +
1
2(d+
√
d)
. (B72)
This implies that the depolarising, random and probabilistic incompatibility robustness ηd, ηr, ηp of these two measurements
satisfy
ηd, ηr, ηp ≥ 1
2
(
1 +
1√
d+ 1
)
. (B73)
Moreover, using the fact that 1 ≥ Pa we obtain∑
b
Gab ≥ d+ 2
√
d+ 1
2(d+
√
d)
Pa =
1
2
(
1 +
1√
d
)
Pa, (B74)
which implies that the generalised incompatibility robustness ηg satisfies
ηg ≥ 1
2
(
1 +
1√
d
)
. (B75)
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For the jointly-measurable incompatibility robustness we have to provide an explicit construction of a subnormalised jointly
measurable noise. For d = 2 we choose
H˜ab =
3− 2√2
2
(1 − 2Gab), (B76)
whose positivity follows immediately from Eq. (B71). This immediately implies that
ηjm ≥ 2(
√
2− 1). (B77)
For d ≥ 3 let
H˜ab =
1− γd
d(d− 2)
[
1 +
d
d− 1(Pa +Qb)(Pa +Qb − 21 )
]
, (B78)
where γd = 12 (1 +
1√
d
). To see that H˜ab ≥ 0 it is sufficient to observe that its spectrum can be computed from the spectrum of
Pa +Qb. A direct computation gives ∑
b
H˜ab =
1− γd
d− 1 (1 − Pa), (B79)
which implies that
ηjm ≥ 1
2
(
1 +
1√
d
)
. (B80)
Upper bounds: The upper bounds we use are collected in Table I in terms of quantities specified in Eqs. (18) and (19) of
Ref. [83], so let us first compute these quantities. Since the measurements are projective and since all the measurement operators
must have the same trace we immediately deduce that f = 2 and gd = gr = gp = 2d . The last two quantitities λ and µ can be
read off directly from the spectra given in Eq. (B69):
λ = max
a,b
λmax(Pa +Qb) = 1 +
1√
d
, (B81)
gjm = min
a,b
λmin(Pa +Qb) =
{
1− 1√
2
for d = 2,
0 for d ≥ 3, (B82)
where λmax(M) and λmin(M) denote the maximal and minimal eigenvalues of M , respectively. Plugging these quantities into
the upper bounds stated in Table I of Ref. [83] shows that the lower bounds derived above are in fact tight.
Finally, let us show that the MUB value for the generalised incompatibility robustness coincides with the lowest value achiev-
able by any pair of d-outcome measurements.
Proposition B.12. Given an arbitrary pair of POVMs, {Aa}nAa=1 and {Bb}nBb=1 acting on a separable Hilbert space, their
generalised incompatibility robustness satisfies
ηg ≥ 1
2
(
1 +
√
nA +
√
nB + 2
nA + nB +
√
nA +
√
nB
)
. (B83)
Proof. First notice that ηg is monotonic under pre-processing of (i.e. applying a completely positive unital map on) the mea-
surement pair [83]. Therefore, for any pair of POVMs {Aa}nAa=1 and {Bb}nBb=1, their generalised robustness is lower bounded by
the robustness of the pair of projective measurements {Pa}nAa=1 and {Qb}nBb=1 obtained by the Naimark dilation of the original
POVMs. Let us construct a joint measurement for the projective measurements,
Gab =
1
2(nA + nB +
√
nA +
√
nB)
[Pa +Qb + (
√
nA +
√
nB){Pa, Qb}+ nAPaQbPa + nBQbPaQb]
=
1
2(nA + nB +
√
nA +
√
nB)
[
(Pa +
√
nBPaQb)
†(Pa +
√
nBPaQb) + (Qb +
√
nAQbPa)
†(Qb +
√
nAQbPa)
] ≥ 0.
(B84)
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It is easy to see that
∑
abGab = 1 , and performing a partial sum over b gives∑
b
Gab =
1
2(nA + nB +
√
nA +
√
nB)
(
nBPa + 1 + 2(
√
nA +
√
nB)Pa + nAPa + nB
∑
b
QbPaQb
)
≥ 1
2(nA + nB +
√
nA +
√
nB)
[nA + nB + 2(
√
nA +
√
nB) + 2]Pa =
1
2
(
1 +
√
nA +
√
nB + 2
nA + nB +
√
nA +
√
nB
)
Pa,
(B85)
where the inequality follows from 1 ≥ Pa and nB
∑
bQbPaQb ≥ Pa. The latter results from the fact that for all vectors |ψ〉
〈ψ|nB
∑
b
QbPaQb|ψ〉 = nB
∑
b
〈ψ|QbPaPaQb|ψ〉 = nB
∑
b
∥∥PaQb|ψ〉∥∥2 = ∑
b′
12
∑
b
∥∥PaQb|ψ〉∥∥2
≥
∣∣∣∑
b
1 · ‖PaQb|ψ〉‖
∣∣∣2 ≥ ∣∣∣‖∑
b
PaQb|ψ〉‖
∣∣∣2 = ‖Pa|ψ〉‖2 = 〈ψ|Pa|ψ〉, (B86)
where we used the Cauchy–Schwarz and the triangle inequalities. Similarly, it holds that∑
a
Gab ≥ 1
2
(
1 +
√
nA +
√
nB + 2
nA + nB +
√
nA +
√
nB
)
Qb, (B87)
which concludes the proof. 
Corollary B.13. An arbitrary pair of d-outcome MUMs is among the most incompatible d-outcome measurement pairs under
the generalised incompatibility robustness measure.
Appendix C: Bell inequalities for SICs
In this appendix, we elaborate on details concerning the Bell inequalities for SICs. We derive the quantum and no-signaling
bounds for the simplified Bell inequality for SICs and then proceed to derive the local and quantum bounds for the (uncon-
strained) Bell inequality for SICs. Then, we prove that a maximal violation of this inequality certifies that Bob’s measurements
are OP-SICs.
1. Quantum correlations and no-signaling correlations in marginally constrained Bell scenarios for SICs
In this section we prove tight bounds on the maximal quantum and no-signaling violations of the Bell functionalRSICd defined
in Eq. (27) under the marginal constraints given in Eq. (28). Before we proceed let us prove the following technical result.
Proposition C.1. Let {Bu}nu=1 be a set of n projectors (for n ≥ 2) acting on a Hilbert spaceH and let |ψ〉 ∈ H be a normalised
vector. Then, if
1
n
n∑
u=1
〈ψ|Bu|ψ〉 = q (C1)
for some q ∈ [0, 1], then ∑
u6=v
〈ψ|{Bu, Bv}|ψ〉 ≥ f(q, n) ≡ qn(qn− 1). (C2)
Proof. First note that since all the quantities appearing in the problem are invariant under permutations of {Bu}nu=1, for the
purpose of deriving bounds we can restrict our analysis to the uniform case in which for every u we have
〈ψ|Bu|ψ〉 = q (C3)
and for every pair u 6= v we have
〈ψ|{Bu, Bv}|ψ〉 = 2t (C4)
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for some real number t. Now consider a moment matrix Γ defined as Γij = 〈ψ|SiSj |ψ〉 where the list of monomials reads
S = {1 , B1, B2, . . . , Bn}. Clearly, Γ is positive semidefinite but it might have complex entries, so it is more convenient to
consider its symmetrised version Γsym = (Γ + ΓT)/2, which reads
Γsym =

1 q q q . . . q
q q t t . . . t
q t q t . . . t
q t t q . . . t
...
...
...
. . . . . .
...
q t t t . . . q
 . (C5)
To take advantage of the positivity of Γsym we take advantage of the Schur-complement condition. Consider a real Hermitian
block matrix
X =
(
A B
BT C
)
, (C6)
where A > 0 is positive definite. Then, the Schur-complement condition states that X ≥ 0 if and only if C −BTA−1B ≥ 0. In
our case we take the first row/column against the remaining n rows/columns, which means that Γsym ≥ 0 is equivalent to
C −BTA−1B = n(t− q2)|v〉〈v|+ (q − t)1 , (C7)
where |v〉 = 1√
n
∑n
j=1 |j〉 is the uniform vector. The positivity of this operator implies that
n(t− q2) + (q − t) ≥ 0, (C8)
and therefore
t ≥ q(qn− 1)
n− 1 . (C9)
Performing the summation over u 6= v leads to the final statement of the proposition. 
a. The quantum bound
We can without loss of generality assume that the optimal shared state is pure and denote it by |ψ〉. Similarly, we can
without loss of generality take the optimal measurements of both Alice and Bob to be projective and denote the complete sets of
projectors by {Aax} and {Bby} respectively. Hence, in quantum theory, we have
RSICd =
∑
x1<x2
〈ψ|Ax ⊗ (Bx1 −Bx2) |ψ〉, (C10)
where we have introduced the observable Ax = A1x − A2x for Alice and recall that x = x1x2. For simplicity let us define the
vectors
|αx〉 = Ax ⊗ 1 |ψ〉 (C11)
|βx〉 = 1 ⊗ (Bx1 −Bx2) |ψ〉. (C12)
This allows us to write the Bell functional in a simple form which obeys a straightforward upper bound via the Cauchy–Schwarz
inequality
RSICd =
∑
x1<x2
〈αx|βx〉 ≤
∑
x1<x2
|〈αx|βx〉| ≤
∑
x1<x2
√
〈αx|αx〉
√
〈βx|βx〉. (C13)
To proceed further, we note that the marginal constraints (28) in quantum theory read
∀x : 〈ψ| (A1x +A2x)⊗ 1 |ψ〉 = 2d , (C14)
∀y : 〈ψ|1 ⊗By|ψ〉 = 1
d
. (C15)
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In what follows, we will for simplicity write marginal expressions 〈ψ|A⊗1 |ψ〉 = 〈ψ|A|ψ〉 and similarly for marginal expressions
on Bob’s side.
One straightforwardly sees that for projective measurements the inner product 〈αx|αx〉 is identical to the left-hand side of
the marginal constraint (C14), whereas the inner product 〈βx|βx〉 features two terms which are determined by the marginal
constraint (C15). We therefore have
〈αx|αx〉 = 2
d
, (C16)
〈βx|βx〉 = 2
d
− 〈ψ|{Bx1 , Bx2}|ψ〉. (C17)
Inserting this into Eq. (C13) we obtain
RSICd ≤
√
2
d
∑
x1<x2
√
2− d〈ψ|{Bx1 , Bx2}|ψ〉. (C18)
Concavity of the square root states that for all qi ≥ 0 we have 1n
∑n
i=1
√
qi ≤
√
1
n
∑n
i=1 qi with equality if and only if all qi are
equal. Applying this to Eq. (C18) we obtain
RSICd ≤
√
2
d
√
2N2 −Nd
∑
x1<x2
〈ψ|{Bx1 , Bx2}|ψ〉, (C19)
where N =
(
d2
2
)
is the number of terms in the sum. To bound the sum under the square root we use Proposition C.1 which
implies that ∑
x1<x2
〈ψ|{Bx1 , Bx2}|ψ〉 ≥ f(1/d, d2) = d(d− 1). (C20)
Plugging this bound into Eq. (C19) implies
RSICd
Q
≤ d(d− 1)
√
d(d+ 1), (C21)
which is precisely the result stated in the main text.
b. The no-signaling bound
In order to find the no-signaling bound ofRSICd , subject to the constraints (28), we first derive its algebraically maximal value
and then saturate this value with an explicit no-signaling model. Consider a specific choice of inputs x and y such that y = x1.
Since Alice has three possible outcomes and Bob has two possible outcomes, we have six variables pab = p (a, b|x, y = x1).
They must obey positivity, normalisation and the marginal constraints of Alice and Bob, i.e.
pab ≥ 0,∑
a,b
pab = 1,
p11 + p1⊥ + p21 + p2⊥ =
2
d
,
p11 + p21 + p⊥1 =
1
d
. (C22)
Note that the probabilities of winning and losing correspond to p11 and p21, respectively. The maximal contribution to RSICd is
made by maximising p11 − p21 under the above constraints. This means p11 = 1/d and p21 = 0. An analogous argument for
the inputs x and y = x2 leads to p11 = 0 and p21 = 1/d. Thus,
RSICd =
∑
x1<x2
(
1
d
+
1
d
)
= d
(
d2 − 1) . (C23)
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To see that this algebraic bound can be saturated with a no-signaling model, let us again consider the event in which the inputs
are x and y = x1. Then we choose p = (pab)ab as
p =
1
d
1 00 1
0 d− 2
 . (C24)
When the inputs are x and y = x2 we instead choose
p =
1
d
0 11 0
0 d− 2
 . (C25)
For the input combinations that do not contribute toRSICd , i.e. when Alice receives x and Bob receives y /∈ {x1, x2}, we choose
p =
1
2d
1 11 1
0 2(d− 2)
 . (C26)
It is straightforward to check that these distributions satisfy the marginal constraints (28), the no-signaling constraints and
saturate the algebraic bound.
2. Bell inequalities for SICs (proof of Theorem V.1)
We first prove the quantum bound and then proceed to prove the classical bound.
a. Quantum bound
We can recycle our earlier maximisation ofRSICd , but this time without the marginal constraints (28). Following the calculation
in Eq. (C13) one arrives at
RSICd ≤
∑
x1<x2
√
〈ψ|A1x +A2x|ψ〉
√
〈ψ|Bx1 +Bx2 |ψ〉 − 〈ψ|{Bx1 , Bx2}|ψ〉. (C27)
Using the Cauchy–Schwarz inequality, we obtain the upper bound
RSICd ≤
√
s
(
r −
∑
x1<x2
〈ψ|{Bx1 , Bx2}|ψ〉
)1/2
, (C28)
where we have defined
s ≡
∑
x1<x2
〈ψ|A1x +A2x|ψ〉,
r ≡
∑
x1<x2
〈ψ|Bx1 +Bx2 |ψ〉.
(C29)
An upper bound on the second factor in Eq. (C28) can be obtained using Proposition C.1. Since
r =
∑
x1<x2
〈ψ| (Bx1 +Bx2) |ψ〉 = (d2 − 1)
∑
x1
〈ψ|Bx1 |ψ〉, (C30)
we arrive at
RSICd ≤
√
s
√
r − f
(
r
d2(d2 − 1) , d
2
)
=
√
sr
[
d2(d2 − 1)− r]
d2 − 1 . (C31)
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Returning to our Bell functional of interest, namely SSICd , we have
SSICd ≤
√
sr
[
d2(d2 − 1)− r]
d2 − 1 − αds−
βd
d2 − 1r ≡ F (r, s), (C32)
where the coefficients are specified by
αd =
1− δd,2
2
√
d
d+ 1
βd =
d− 2
2
√
d(d+ 1). (C33)
Our goal now is to find the maximise F (r, s) over r ∈ [0, d2(d2 − 1)] and s ∈ [0, d2(d2 − 1)/2]. For d = 2 the marginal terms
vanish and we immediately see that the optimal values are given by ropt = sopt = 6 and F (ropt, sopt) = 2
√
6. For d ≥ 3 we relax
the problem and maximise over r, s ≥ 0. Standard differentiation techniques yield{
∂F
∂r
!
= 0 and
∂F
∂s
!
= 0
}
⇒ ropt = sopt = d
(
d2 − 1) , (C34)
which falls inside the optimisation region. It is easy to check that
F (ropt, sopt) =
d
2
√
d (d+ 1). (C35)
To check that no higher value can be achieved at the boundary note that whenever either r = 0 or s = 0 we necessarily have
F (r, s) ≤ 0. Plugging this value into Eq. (C32) combined with the bound derived for d = 2 gives
SSICd
Q
≤ d+ 2δd,2
2
√
d (d+ 1). (C36)
As stated in the main text this bound can be saturated if there exists a set of SIC projectors in dimension d.
b. The local bound
Here we derive the local bound of SSICd . To this end, it is sufficient to consider all deterministic strategies of Alice and Bob.
We focus on the deterministic strategy of Bob. We can represent his strategy as a list ~b ∈ {1,⊥}d2 , where the y-th element
encodes the output associated to measurement setting y. Hence, Bob has 2(d
2) possible deterministic strategies. However, due
to the symmetries of the Bell functional, the maximal local value of SSICd achievable for a given strategy of Bob is the same as
that achievable when his strategy ~b is permuted into the strategy ~b′ = (1, . . . , 1,⊥, . . . ,⊥). In other words, only the number of
“1s“ in ~b is relevant for the maximal value of SSICd . This can be seen from the fact that the Bell functional is invariant under a
permutation of Bob’s d2 inputs (provided analogous permutations of Alice’s input tuple x and output a). Thus, we need only to
consider strategies of Bob in which the N first elements of ~b are ones, and the remaining d2 − N elements are ⊥. Finding the
maximum over N ∈ {0, 1, . . . , d2} gives the tight local bound.
This allows us to write the Bell functional in a local model as
SSICd =
∑
x1<x2
(
〈ψ|Ax|ψ〉 [δ(x1 ≤ N)− δ(x2 ≤ N)]− βd
d2 − 1 [δ(x1 ≤ N) + δ(x2 ≤ N)]− αd〈ψ|A
1
x +A
2
x|ψ〉
)
, (C37)
where δ(j ≤ k) is equal to one if j ≤ k and otherwise equal to zero. Let us now define the following sets
T
(N)
k ≡ {(x1, x2) ∈ Pairs(d2)|δ(x1 ≤ N) + δ(x2 ≤ N) = k}, (C38)
for k ∈ {0, 1, 2} and N ∈ {0, 1, . . . , d2}. Clearly, the sets {T (N)0 , T (N)1 , T (N)2 } constitute a partitioning of the set Pairs(d2).
Hence
SSICd =
2∑
k=0
∑
(x1,x2)∈T (N)k
(
〈ψ|Ax|ψ〉 [δ(x1 ≤ N)− δ(x2 ≤ N)]− kβd
d2 − 1 − αd〈ψ|A
1
x +A
2
x|ψ〉
)
. (C39)
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Notice that if (x1, x2) ∈ T (N)1 , then it must hold that δ(x1 ≤ N) − δ(x2 ≤ N) = 1. Also, when (x1, x2) ∈ T (N)0 or
(x1, x2) ∈ T (N)2 , then δ(x1 ≤ N)− δ(x2 ≤ N) = 0. Thus, we can further simplify the above expression to
SSICd =
2∑
k=0
∑
(x1,x2)∈T (N)k
(
〈ψ|Ax|ψ〉δk,1 − kβd
d2 − 1 − αd〈ψ|A
1
x +A
2
x|ψ〉
)
. (C40)
Our goal now is to optimise over the measurement operators of Alice, which only involves the first and third term, and let us
consider the three values of k separately. If k = 0 or k = 2 this contribution is never positive, so it is optimal to choose
A1x = A
2
x = 0 and A
⊥
x = 1 . If k = 1 it is beneficial to choose A
1
x = 1 and A
2
x = A
⊥
x = 0 because 1− αd > 0. Plugging in the
optimal choice of measurements of Alice gives
SSICd = |T (N)1 |
(
1− αd − βd
d2 − 1
)
− |T (N)2 |
2βd
d2 − 1 . (C41)
The size of T (N)1 and T
(N)
2 are easily determined as follows. The number of ways of choosing a positive integer no larger
than N is N , and the number of ways of choosing a positive integer larger than N but no larger than d2 is d2 − N . Hence,
|T (N)1 | = N(d2−N). Similarly, the number of ways of choosing two distinct positive integers no larger than N is N(N −1)/2.
Hence, |T (N)2 | = N(N − 1)/2. This leaves us with
SSICd = −N2(1− αd) +N
[
d2(1− αd)− βd
]
=
N
2
√
d+ 1
(
d
√
d− 2d2
√
d+
√
d+ 1
(
2d2 − 2N)+√d (N + 2)) , (C42)
where we have taken d ≥ 3. Now we must only find the optimal value of N ∈ {0, 1, . . . , d2}. To this end, we differentiate the
right-hand side with respect to N and find that the maximum is achieved for
N =
√
d
(
2 + d− 2d2 + 2d√d(d+ 1))
4
√
d+ 1− 2√d . (C43)
In general, this is evidently not an integer. Hence, to find the optimal integer choice of N , we first show that N ≤ d. Simple
manipulations allow us to write the statement N ≤ d as
2d2 − 3d− 2 ≥ 2(d− 2)
√
d(d+ 1). (C44)
Squaring both sides and simplifying reduces this to (d−2)2 ≥ 0, which is evidently true. Next, we show thatN ≥ d−1. Again,
simple manipulations allow us to write the statement N ≥ d− 1 as
2d2 − 3d ≤ (2d2 − 4d+ 4)
√
d+ 1
d
. (C45)
Squaring both sides, multiplying by d and simplifying leads to
0 ≤ 7d3 − 16d+ 16, (C46)
which is true for all d ≥ 0. Thus we conclude that d − 1 ≤ N ≤ d. To show that N = d constitutes a better solution that
N = d− 1 we show that SSICd (N = d)− SSICd (N = d− 1) ≥ 0. Thanks to Eq. (C42) this reduces to showing that
3d3 + 2d2 − 13d+ 4 ≥ 0, (C47)
which is true for all d ≥ 2. Thus, we conclude that the optimal choice is N = d. Inserting N = d in Eq. (C42) returns the local
bound in Eq. (35).
Notably, the case of d = 2 can be obtained by analogously following the above procedure. However, the corresponding Bell
scenario is of sufficiently small scale so that the classical bound is arguably even easier obtained by brute-force consideration of
all deterministic strategies.
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3. Device-independent certification for SICs (proof of Theorem V.2)
In this appendix we provide a proof of Theorem V.2, which essentially reduces to deriving explicit conditions under which
the argument presented in the first part of this appendix is tight and combining them to produce the desired form. Note that the
proof technique is quite similar to the one used in Appendix A 2 a.
In Appendix C 2 a we have shown how to derive a tight bound on the maximal quantum value of the Bell functional SSICd (see
Eq. (C36)). In the first step we applied the Cauchy–Schwarz inequality to obtain Eq. (C27). This can only be tight if the vectors
are aligned, i.e. for every x we have
Ax|ψ〉 = µx(Bx1 −Bx2)|ψ〉 (C48)
for some positive real number µx. Moreover, here we have used the fact that for all y we have 〈ψ|B2y |ψ〉 ≤ 〈ψ|By|ψ〉. If the
marginal state of Bob is full-rank, then this bound is tight only when all the measurement operators By are projective. The next
use of Cauchy–Schwarz inequality, which leads to Eq. (C28), can only give a tight result if for all x we have
〈ψ|A1x +A2x|ψ〉 = ν
(〈ψ|Bx1 +Bx2 |ψ〉 − 〈ψ|{Bx1 , Bx2}|ψ〉) (C49)
for some fixed real positive number ν. In fact, this number can be computed by summing over x. Then, if we recall that the
maximal value can only be achieved when the quantities r and s defined in Eq. (C29) take the values given in Eq. (C34) we
immediately conclude that ν = (d + 1)/d. However, it is clear by comparing Eq. (C48) and Eq. (C49) that µ2x = ν, which
implies that for all x we have
Ax|ψ〉 =
√
d+ 1
d
(Bx1 −Bx2)|ψ〉. (C50)
Since we assume that the measurements of Alice are projective, we have (Ax)3 = Ax. Applying this to Eq. (C50), tracing out
Alice’s system and right-multiplying by the marginal of Bob, we conclude that for all x1 < x2 we have
Bx1 −Bx2 − (d+ 1)(Bx1Bx2Bx1 −Bx2Bx1Bx2) = 0. (C51)
In the following we will use x1 and x2 as summation indices for double sums over x1 < x2 and y for single sums over [d2]. The
optimality condition derived in Eq. (C34) implies that∑
y
〈ψ|By|ψ〉 = 1
d2 − 1
∑
x1<x2
〈ψ|Bx1 +Bx2 |ψ〉 = d (C52)
and ∑
x1<x2
〈ψ|{Bx1 , Bx2}|ψ〉 = d(d− 1). (C53)
Define
K ≡
∑
y
By (C54)
and note that
tr(KρB) = d. (C55)
Moreover, since
K2 =
∑
y
By +
∑
x1<x2
{Bx1 , Bx2}, (C56)
we have
tr(K2ρB) = d+ d(d− 1) = d2. (C57)
This means that the Cauchy–Schwarz
| tr(X†Y )|2 ≤ tr(X†X) tr(Y †Y ) (C58)
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for X = Kρ1/2B and Y = ρ
1/2
B holds with equality, which implies that
Kρ
1/2
B = zρ
1/2
B (C59)
for some complex number z such that |z| = d. Right-multiplying by ρ−1/2B (again we take advantage of the full-rank assumption)
leads to K = z 1 . Now it is clear that z must in fact be real and positive and so z = d and K = d 1 . This is the first result of
Theorem V.2.
To prove the second part we go back to Eq. (C51). Since the operators {By}d2y=1 are projectors, we can use Jordan’s lemma
which states that any pair of projectors can be simultaneously block-diagonalised such that the blocks are of size either 1× 1 or
2 × 2. Moreover, it is known that the non-trivial blocks (up to a unitary rotation) form a 1-parameter family. By applying the
relation given in Eq. (C51) to a particular pair of projectors Bx1 and Bx2 for x1 < x2, we conclude that the Hilbert space of Bob
decomposes asHB ' HB1 ⊕HB2 ⊕HB3 and the operators read
Bx1 = (P ⊗ 1 )⊕ 0⊕ 1 , (C60)
Bx2 = (Q⊗ 1 )⊕ 0⊕ 1 , (C61)
where
P =
1
2
(1 + cos θ Z + sin θX), (C62)
Q =
1
2
(1 + cos θ Z − sin θX) (C63)
for cos θ = 1/
√
d+ 1, sin θ =
√
d/(d+ 1) and X and Z are the 2× 2 Pauli matrices. Note that at this point we know nothing
about the dimensions of HB1 ,HB2 and HB3 , but we clearly see that Bx1 and Bx2 are isomorphic (in particular, either trBx1
and trBx2 are both finite and equal to each other or they are both infinite). Moreover, note that for any pair x1 < x2 the space
decomposes into three subspaces, but these subspaces depend on the specific pair, i.e. the subspaceHB1 for (x1, x2) = (0, 1) is
different from the subspaceHB1 for (x1, x2) = (0, 2).
The final goal is to show that for all x1 < x2 we have dimHB3 = 0, i.e. that the projectors Bx1 and Bx2 are in fact of the
form
Bx1 = (P ⊗ 1 )⊕ 0,
Bx2 = (Q⊗ 1 )⊕ 0.
(C64)
This immediately implies that
Bx1 = (d+ 1)Bx1Bx2Bx1 and Bx2 = (d+ 1)Bx2Bx1Bx2 , (C65)
which is precisely the second result of Theorem V.2. Let us first show that this result holds when the expectation values of the
projectors By and the anticommutators {Bx1 , Bx2} are distributed uniformly. In the second step we show that this conclusion
holds even without the uniformity assumption.
Let us for now assume that for all y we have
tr(ByρB) =
1
d
(C66)
and for all x1 < x2 we have
tr({Bx1 , Bx2}ρB) =
2
d(d+ 1)
. (C67)
Then, we immediately see that
tr
[
(Bx1 −Bx2)2ρB
]
= tr(Bx1 +Bx2 − {Bx1 , Bx2}ρB) =
2
d+ 1
. (C68)
Moreover, a direct calculation shows
(Bx1 −Bx2)2 = (sin θX)2 ⊗ 1 ⊕ 0⊕ 0 =
d
d+ 1
1 ⊗ 1 ⊕ 0⊕ 0. (C69)
Let Π be a projector onHB1 :
Π = 1 ⊗ 1 ⊕ 0⊕ 0. (C70)
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Then, we have
tr(ΠρB) =
2
d
. (C71)
On the other hand the fact that tr(Bx1ρB) = tr(Bx2ρB) implies that
tr(X ⊗ 1 ⊕ 0⊕ 0 ρB) = 0. (C72)
This allows us to rewrite tr(ByρB) = 1/d as
tr
(1
2
cos θ Z ⊗ 1 ⊕ 0⊕ 1 ρB
)
= 0. (C73)
Let us now show that
tr(Z ⊗ 1 ⊕ 0⊕ 0 ρB) = 0. (C74)
Define
σAB ≡ d
2
(1 ⊗Π)|ψ〉〈ψ|(1 ⊗Π), (C75)
which is a normalised state because trσAB = d2 tr(ΠρB) = 1. Now we take advantage of the fact that if we have two Hermitian
operators X,Y satisfying E2 = F 2 = 1 and {E,F} = 0, then on any normalised state τ the expectation values must satisfy
(see Ref. [84] for an elementary proof)
tr(Eτ)2 + tr(Fτ)2 ≤ 1. (C76)
In our case we set
E ≡ Ax ⊗
[
(X ⊗ 1 )⊕ 0⊕ 0], (C77)
F ≡ 1 ⊗ [(Z ⊗ 1 )⊕ 0⊕ 0] (C78)
and τ = σAB . To verify that tr(Eτ) = 1 note that
tr
(
Ax ⊗
[
(X ⊗ 1 )⊕ 0⊕ 0]σAB) = d
2
〈ψ|Ax ⊗
[
(X ⊗ 1 )⊕ 0⊕ 0]|ψ〉 (C79)
=
d
2 sin θ
〈ψ|Ax ⊗ (Bx1 −Bx2)|ψ〉 =
d
2 sin θ
√
d+ 1
d
〈ψ|1 ⊗ (Bx1 −Bx2)2|ψ〉 = 1, (C80)
where we have used the fact that sin θ =
√
d/(d+ 1). This immediately implies that tr(Fτ) = 0 and therefore Eq. (C74) holds.
Combining Eqs. (C73) and (C74) gives
tr(0⊕ 0⊕ 1 ρB) = 0. (C81)
Since we are assuming that ρB is full-rank, this implies that dimHB3 = 0.
In the last part we argue that this conclusion holds even without the uniformity assumption. To do so note that dimHB3 = 0 is
equivalent to the operator Bx1 +Bx2 not having an eigenvalue of 2. We show that every quantum realisation can be transformed
into a symmetrised realisation which satisfies the uniformity condition. Moreover, as the symmetrised operators inherit their
spectra from the original ones, we can deduce that the original measurement operators of Bob do not have an eigenvalue of 2.
Suppose we are given a quantum realisation onHA ⊗HB given by the state ρAB (with ρB being full-rank) and the operators
Ax, By , which achieves the maximal violation. For σ being a permutation of [d2] consider the measurement operators given by
Bσy ≡ Bσ(y), (C82)
Aσx ≡
{
Aσ(x1)σ(x2) if σ(x1) < σ(x2),
−Aσ(x2)σ(x1) otherwise.
(C83)
It is straighforward to check that these operators also achieve the maximal violation on the state ρAB . Now by taking a convex
combination over all permutations, we construct a symmetrised quantum realisation. We label the permutations of [d2] by σj ,
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where j ∈ {1, 2, . . . , N} and N = (d2)!. The symmetrised realisation acts on CN ⊗ CN ⊗ HA ⊗ HB , where we have added
two N -dimensional registers, one for each party, to serve as classical shared randomness. The symmetrised realisation reads
ρ′AB ≡
1
N
N∑
j=1
|j〉〈j| ⊗ |j〉〈j| ⊗ ρAB , (C84)
A′x ≡
N∑
j=1
|j〉〈j| ⊗Aσx , (C85)
B′y ≡
N∑
j=1
|j〉〈j| ⊗Bσy . (C86)
The symmetrised realisation still satisfies the condition that the marginal of Bob is full-rank and, moreover, all the expectation
values are uniform. Therefore, the operators B′1 and B
′
2 must be of the form given in Eq. (C64), which in particular implies that
the eigenvalue of 2 does not belong to the spectrum of B′1 +B
′
2. On the other hand, it is easy to see that
spec(B′1 +B
′
2) =
⋃
x1<x2
spec(Bx1 +Bx2), (C87)
which implies that the original operators Bx1 and Bx2 must also be of the form given in Eq. (C64).
